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PREFACE 

This volume completes the new edition of my book on tiMnef% 
Seriei and IntegraU and the Mathematical Theory of the Conduction 
of Heat. The original work was first published in 1906 and has now 
for some time been out. of print. The first volume of the new 
edition appeared towards the middle of this year^.and deals with 
the Theory of Infinite Series and Integrals, with special reference 
to Fourier's Series and Integrals. This formed a completely new 
work with the title Fourier^e Seriee and IntegraU. The second 
volume is devoted wholly to the Mathematical Theory, of the 
Con4uction of Heat in Solids. This part of the book has also been 
completely rewritten and much enlarged. It now includes a discus- 
sion .of all the important boundary problems associated with the 
Equation of Conduction. The treatment of these questions, 
especially in the later chapters, should be of use to those interested 
in the application of modem analysis to the solution of the differ- 
ential equations of mathematical ph3rsics. 

In Chapter I. the Differential Equation of Conduction is obtained 
and some general theorems as to its solution are established. Chapter 
II. deals with Fourier's Ring. The next two chapters are devoted 
to Linear Flow. The principal changes made in these chapters are 
connected with the more exact treatment of the Infinite Series and 
Integrals which enter into the solutions. Chapters Y. and YI.9 
which deal with Two-Dimensional Problems and Flow of Heat in 
a Rectangular Parallelepiped, differ little from the corresponding 
chapters in the first edition. 

Chapter YII. deals with the Circular Cylinder, Chapter VIH. with 
the Sphere and Cone, Chapter IX. with Sources and Sinks, and 
Chapter X. with Oreen's Functions. These cliapters contiun much 
additional malter. 
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vi PREFACE 

CS&apten XL and XII. aie quite new. The fonner is entitled 
^The Use of Contour Integrals in the Solution of the Bquati<m of 
Omdnction.'' Bromwich's recent work has directed attention 
to the ^ operational method ** of HeaXriude. It is true that all the 
qiiestiou examined in this chapter could be solved by that method. 
But to justify the operational method we must rely upon contour 
integration, and the chief difference between the method developed 
bj me, as illustiated in this chapter, and the operational method is 
that I prefer in each case to turn to the standard path in the plane 
of the complex variable instead of using a kind of mathematical 
shorthand. 

In the last chapter— Chapter XII. — ^a sketch is given of the use 
of Intq^zal Equations in the solution of the Equation of Conduction. 

This second volume could not have appeared so soon after the first 
had I not been privileged to spend this year on leave of absence 
from the University of Sydney in my old College at Cambridge. 
For the fadlities so fully granted to me there I take this opportunity 
of expressing my heartfelt thanks. 

EmUVUSL COLLBCS, 

CambridoEi October^ 1921. 
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CHAJPTBR I 

THE DIFFERENTIAL EQUATION OF THE MATHEMATICAL . 
' THEORY OF THE CONDUCTION OF HEAT 

L fnlioduoniF* 

When difEerant paxte of a body ue at diffeiaat tempeistiiiM, 
heat flows from tibe hotter to tiie ooUer. Cininder the metal 
toAABOD, 

and BuppoBe it is heated at the end A bom some eztenial eomoe* 
For some time the temperature of the rod graduaUy risesy the parts 
near A being heated first, but no change takes place at CD till BC 
has had its temperature raised. Ultimately, if the end A is heated 
long enough, it is found that a steady state of temperature is reached, 
in which, while the temperature may vary from point' to point, 
it remains the same at each point as the time changes. 

This transference of heat from the hotter portions of a body 
to the colder is called Conductbn of Heat. It must be distinguished 
from Convection, on the one hand, and Radiation, on the other. 
In Convection the transference of heat is due to the motion of the 
heated body itself, as, for example, when the different parts of a 
liquid are at different temperatures, currents are produced by means 
of which a uniform temperature is reached. In Radiation the 
hotter body loses heat and the colder body gains it by means of a 
process occurring in some intervening medium. 

2e Oonduotivitye 

The Mathematical Theory of the Conduction of Heat may be 
said to be founded upon a hypothesis suggested by the following 
experiment : 

O.C.H. ▲ 
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A metal plate is gLven, baunded by two parallel planes of mioh 
an eitent that, eo far.as points well in the centre of the planes 
aze eonoemed, these bounding snifaoes may be supposed infinite. 
The two planes aie kept at difl^eient temperatuies, the diffeienoe 
not being so gieat as to cause any sensible change in the properties 
. of ibfi solid. For example, the upper surface may be kept at the 
temperature of melting ice by a supply of pounded ice packed 
iq^oii it, and the lower at a fixed temperature by having a stream 
of warm water continually flowing over it. When these conditions 
have endured for a sufficient time the temperature, of the different 
points of the solid settles down towards its steady value, and at 
points wdl removed from the ends the temperature will remain the 
same along planes paraUel to the surfaces of the plate. 

Consider the part of the solid bounded by an imaginary cylinder 
of cross-section 8 whose axis is normal to the surface of the plate. 
This cylinder is supposed so far in the centre of the plate that no 
flow of heat takes place across its generating lines. Let the tem- 
perature of the lower surface be v^^ C. and of the upper Vi^ 0. (vo>^i)» 
and let the thickness of the plate be d centimetres. The results of 
eoqperiments upon different metals suggest that when the steady 
state of temperature has been reached, the quantity Q of heat 
which flows up through the plate in t seconds over tiie surface 8 

^^^^ K{v.^v,)8t 

3 • 

wfafiie £ is a constant, called the Thermal Conductivity of the 
substance, depending upon the material of which it is made. In 
other words, the flow of heat between these two surfaces is pro- 
portional to the difference of temperature of the surfaces. 

This result must not be regarded as proved by these experiments. 
They suggest the law rather than verify it. The more exact verifica- 
tion is to be found in the agreement of experiment with calculations 
obtained from the mathematical theory based on the assumption 
of the tenth of this law. 

Strictiy speaking, the conductivity K is not constant for the 
same substance, but depends upon the temperature. However, 
when the range of temperature is limited, this change in K may be 
nqrlected, and in the ordinary mathematical theory it is assumed 
that the conductivity does not vary with the temperature. Anearer 
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appioxiinatkm to the aotoal state may be. obtained bjr maldiig £ 
a linear function of tiie temperatoie Vy 

e.g., £siir«(l4-a«)> 
where a is amalL 

It ia important to notice the dimenmona of K^ as it ia ffeqoentfy 
neoessaxy to change the units of length, mass and time in tenns 
of which it is stated, 

its dimensions Will depend upon those of Q/(vo'--«i). 

The unit of. heat is taken as that quantity which will raise unit 
mass of water 1"^ C. The dimensions of Ql(v%-^v^ are then simj^y 
[if], since the unit of heat^ varies jointly as the unit of mass imd 
the value of the degree. 

ItfoUowsthat I^'^rTWi- 

On the 0.0.8. system the unit of heat is the CaUny^ the quantity 
which will raise 1 gramme of water V C* 

If it is desired to measiire heat by the work necessary to pnh 
duce it, the dynamical unit in this sjrstem would be the erg. The 
relation between the calory and this unit is given to a sufficient 
. approximation by the equation 

1 calory s4'2x 10' ergs, 

and the numerical value of K, when heat is measured in calories, 
will be 4*2x10' times its value when this dynamical unit ib 

..t " 


* Another unit flometimM uied U the BriiMk TherwuU Unii (B.T.U.), t.«. the 
quantity required to raiie 1 pound of water at ite maximum density (90* F. ) by 1* F. 

1 ii.T.u.s2S2'0oal. 

t Experiments show that the amount of heat required to raise 1 gramme of 
water V are not quite the same at different temperatures, and in an exact defini- 
tion of the oalory the temperature of the water would need to be specified. It if 
usual to take for this specified temperature Ifi* C, and the oalory wiU then be the 
quantity of heat required to raise 1 gramme of water from IS* C. to IS* C. For 
this 16* oalory we have the equation 

1 oalory s4-lS4x lO' ergs. 

See Kaye and Laby, TabUa ofPhynctU wkd Chemical OcmOanU (4th Rd.), p. & 


4 THE DIFFERENTIAL' "EQUATION OF THE " ; 

In the fondainental experiment from which <mr definitifx^ of the 
conductivity is derived, the solid is supposed to be homogeneous 
and of sqoh a material that^ when a point within it is heated, the 
heat spxeads Oat equally well m all directions. Such a solid is said 
to be isotropic, as opposed to crystalline and non-isotropic solids, 
in which certain directions are m(Mre favourable for the conduction 
of heat than others. There are also heterogeneous solids, in which 
the conditions of conduction vary from point to point as well as in 
direction at each point. In this book we shall examine only the 
Theory of Conduction in Homogeneous Isotropic Solids. 

i 

S. The Flow ol Heat across an Isothermal Sorfaoe. 

Consider an isotropic solid with a distribution of temperature at 
the time t given by 

«>=/(«. y* 2, 0- 

We may suppose a surface described in tihe solid, such that at 
every pcnnt upon it the temperature at this instant is the same, 
say F*. Such a surface is called the Isothermal Surface for the 
temperature F^ and it may be looked upon as separating the 
parts of the body which are hotter than V^ from the parts which 
are cooler than F^. We may imagine the isothermals drawn for 
this instant for dilferent degrees and fractions of a degree. These 
surfaces may be formed in any way, but no two isothermals can 
cut each other, since no part of the body can have two temperatures 
at the same time. The solid is thus pictured as divided up into 
thin shells by its isothermals. Heat is flowing from one shell to 
another, this flow of heat being along the normals to the surfaces, 
as no transference of heat takes place along the surfaces of equal 
temperature. 

^ Genioaliung the result of §2 we take as our fundamental hypothesia 
^for the Maihematical Theory of the Conduction of Heat that the rate 
at uhiA heat croseea from the inside to the outside of an isothermal 
.surface per unit area per unit time is equal to 

\iphere vis the temperature of the surface, K the Thermal Conductivity 

I d 

fif the sub^nee, and ^ denotes differentiatifm along the outumrd' 

'ismsn normal to the surface. 


,\ 
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Am a partioulT oaac» wh«n the iaothannals le planes peipendieqlaT 
to the axis of jp^ tiie zato of flow of heat per imit aiea per unit tim« 

is — HCT-inthedizeotionoftiiepoBitivBazisQf OP. Uvisdeereasmg 

as « increases, this rate will be positive. U vinereases as xinoreases, 
the rate will be negative, meaning that the flow of heat is in the 
direction of the negative axis of a;. 

C The Flow ol Heat acRM any Sorbee. 

We have stated in the preceding article that we assame that | 
the rate of flow of heat across an isothermal at a point P is i 

per unit axea per unit time, or, in the language of differentials, 

i& being an element' of the isothermal surrounding the pwit P. 
We proceed to obtain an analogous expression for the rate ftt which 
heat flows across any surface, not necessarily isoti hmnaLper unit ' 
area per unit time at any point P. 

We shall denote this rate of flow by /; The value of / will 
depend upon the position of the p(»nt, the direction of the 
normal to the surface at that point, and the time. We shall now 
show that, if the values of /are given for three mutually perpehdicdar 
phmes meeting at a point, its value for any other plane throof^ 
the point may be written down. 

Consider the elementary tetrahedron PABC^ whose three face& 
PBC, PC A, PAB are parallel to the coordinate phnes, while the 
perpendicular to the face ABC from the point P has the direction- 
cosines (X, /u, v\ and is of length p. (Fig. 2.) 

Let the area oi ABC be A ; then the areas of PBO, POA and 
PAB are respectively XA, /uA and vA. 

If we denote the rates of flow for the elementary areas PJK7, 
PCA, PAB and ABC by/., /^./., and/, the rate at which heat 
is gained by the tetrahedron is ultimately given by 

(X/.+mA+«'/.-/)A. 


6 THE DIFFBREMTIAL EQUATION OF THE 

However, il e and p aie the spedfio heat and deiudi^» this rate 
of gain of heat 18 e|q[iial to 

1 . dv 

Fpooeeding to the limit when jp->0» this ezpieeflion becomes leto, 
^/•f Af/a ud/ become tiie zatea of flow at tiie point P acroes 



ina. f. 


planes parallel to the cooidinate planes and a plane thiottj^ P, 
the perpendicular to which is in the direction (X, /u, y). Thus 

Now, according to our fundamental hypothesis'; Ihe rate of 
flow of heat across an isothermal surface per unit area per unit 
lame is equal to the product of the conductivily aqd tibe rate of 
diminntion of the temperature in the direction of the normal to 
thesurfaee. Let P be a point upon the isothermal, and the normal 
St P the axis of z, the axes of x and y being in the tangent plane 
through P. Then/0 and/y are both sero, since no flow takes place 
iloDg the surface. 

Therefore f^Kf» 

— ^W 
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d 

whue -gr dttotai difitiwtiatkm in the direotkxn (X, /u, v), anoe 
OP \ OP . dp . dp __j dv dv ^ 

ThttstAemto ^jbto qf Aeol at a jwiiU aon$8 anijf syrface firom the 
intiie to the oiUiide for unit ana per unit time is 

where g~ iendtee differmUiaHon akmg ike outwari^mwn normal to 
die surface at the point. 

i fi; The Bqution ol Oondnolioii. 

jC^SridcHT the cajdr^^ ieotropio bcM heated in 

wy way and then allowed to oooL The temperature v at the 
point P{x, y, z) will be a continuoue function of x^ y» » and i, and 
die first differential coefficients of t^ will also be continuoiis. 

I CSonsider an element of volume of the solid at the point P, namefy, 
the rectangular parallelepiped with this point aa centre, its edges 
being parallel to the coord^te axes, and of kngtfas iix, 2djf and 
2(fo. 

JLet ABCD and A'B'C'D' be the faces to which the axis of « 
isj perpendicular. Then the rate at which heat is flowing into 
tljie parallelepiped over the face ABOD{X'-dx) will ultimately be 

' Habere /, ia the nte of flow at P meobs the conesponding plant. 
Siinilarly the rate at which heat is flowing out aoton the &oe 
4'B'O'D' is given by 

Thus the rate of gain of heat from these two faces is equal to 

I ' OX 

I Similarly from the others we obtain 
I ^Bdxdydz^ and --Bdxdffdz^s. 

But this element of volume is gaining heat at the rate of 
Sdxdydzep ^* 


8 ' THE DIFFERENTIAL EQUATION OF THE 

TllQNfafO WO hftYO 


But W6 haye Men that 

"^» /.— *^- 




and K is independeiit otx^y and z. ' 
Therefore our equation becomes 

wli0re less — • 

Tb» constant c was called by Kelvin the Diffusivity of the sub-, 
and by Glerk*Haxwell its Thennometiio Conductivity, 


TIm dimensions of lih^ diffuiivity k are obtained at once from thoee of the 
condoctivity K (cf. p. 3). Since above is the ratio of the quantity of heat 
tequired to raiae unit mass of the substance 1* 0. to the quantity required 
to raise unit mass of water 1*0., it is of zero dimensions in mass, length 
and time. Also the dimensions of the density p are [Jf ]/[J?]. 

Thus we have rrri 

^^ in' 

It follows that if the units of length and time are the foot and year 
instead of the centimetre and second, the value of k for these units will 
bave to be multiplied by (30*48)'/3l657x.l07 to reduce it to the c.G.a 
system. (Cf. p. 68.) 

By some of the early writers who did not employ the o.o.a system, the 
thermal unit was taken as the amount of heat which would raise unit 
wlnMeofwaterrC. 

Let c of these units be required to raise unit volume of the substance 

ra 

Then the equation of conduction takes the form . 

where JC is the conductivity in terms of the new unit 

It is dear that JT/c iu this system is equal to the diffusivity KIpc 
dfsrniwed above. 

On the other hand, when the thermal unit is the amount of heat required 
to raise unit v^hmit of water TC, the numerical value of the oonduotivjity 
will not agi-ee with that obtained when the unit is the- amount required to, 
isise unit mosf of water 1* C, unless the linear unit is the centimeti'e. 
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U the loUd it iiotiopio, but nofe homoganaom, the equetioii itn 
tfbaoomas 

In the oMe of Bteedj Tempemture, when the tempemtnse does 
not vaiy with the time, the equetion becomes that of Potential. 
Also if at the point P{x, y, z) theie exists a sonioe of heat sapiplying 
in the time di the quantitjr Adt ot heat per unit yolmne» the • 
equation becomes 

Such a condition is realised when conduction takes place along 
a wire along which an electric current is flowing, since this cuneiit 
is generating heat in accordance with Joule's Law. 

Thope ref ulto may also be obtained by the applioatiop of Green's Theomn»^ 
that when {^, t;, (, ss well m their fint differontiel eoeifieienti» are ooa« 
tinttottt funotiona of «, y and «, inside a okMed eurfaoe, 

//(!«+«»'» +'<)«W-///(g+|+|)«fc«,A. 

{I, in, n) being the direction-cosiiies of the ootwaid-drawn normal, and tba 
hitegmtions being taken over the surface, and throughout its volttme. 

Suppose any such surfaoe drawn lying wholly inside the given solid. 

The rate at which heat flows out across the element dfif of the surfaoe ia 

Therefore the total rate of gain of heat within the surface iM 
But this rate of gain of heat may also be expressed by 

the integration being taken through the region bounded by this surface. 
Thus j j jep^dxdydX'¥J jW^+tf^^'¥nf,)dS^O. 

Therefore by Green's Theorem 

and this holds whatever closed surface we consider, provided it lies wholl{y 
within the solid and no source of heat exists within it. 

* Cf . Lamb, Hyirodynamies, §42. 
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Apply tills iwah to tbo eleiiMQt siiiioiiiidiiig the point P(«, y^ 9)9 1 
obtain tho equatUm 


- 6L TI18 iv ^^ tfffi ff n nitliwi til Oooidiiuitttk 

These equations may be easily transf onned into other Bystems 
of orthogonal cooidinateB, the most useful being the Sphetioal 
Polar SyBtem, in which the position of the point ia determined 
by liB distance r from the origin, its latitude 6^ and its azimuth ^ 
and the Cylindrical Systemi in which its position is determined by 
the polar coordinates r, of its projection on the plane of 9> y, 
and the coordinate z. 

These aro special cases of the general system of orthogonal co- 
ordinates, in which the position of a point is given by the inter- 
seetion of the three orthogonal surfaces, 

^sconst., i|=const., fssconst. . 

We proceed to show how this transformation may most easily be 
affected. ^ 

Consider the element of volume, bounded by the surfaces (±d(t 
ildtdii, i±di, and let A'BV'D' and ABCD be the faces (±d(. ^ 

Let *«=X«rf^+M*i«?*+i'*<if* 

be the equation giving the length of the elementary aro joining 

the points {^, V, f) and (f+df, 1,+di,, f+dO- 
Then the area of the section of the ( surface through P(^, i|, () 

eat oS by the surfaces ti±dfi, i±d^ is given by 

if/Lvdtid^, 
and the rate at which heat flows across this section per unit time 11 

ifULvdfid^f^i 

/l being the rate of flow of heat at P across the surface (. 

Thereforo the rate at which heat flows into the element acrosi 
the face ilJBCD is ultimately 

and the nte at which heat flovs out aetou the face A'tfCV is 
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Hfliioa the totd iftte of gam of hftftt fiom tiii^ 

The other fioae give lespectively 

iDBerting the Talaes of /|,/, and/^, namely, 

^^^"di' ^^^"Hidn' '^^""af* 

and equating the ezpieauon we thua obtain to 

we have 

which teduoes to 

. 9v r a //tti» 3w\ , a /vx 3»\ , a Am ai>\i 
'^'*''-a«"'La?l.x a?i-*TA7a5^"*"^VT ^;J' 

K 
when K is constant, and as usual we have written ic»— • 

«/> 

Sphmoal Pctar CooriinaUs. 

In this system x»fsindcos0, 

y»f sin sin 01 

««=f cos d, 

and d»«^f«+f*de*+f«rin«W0*. 

There! oie the equation for t; becomes 

au_^ra/,av\ i 9/ . ^9v\. i dhr] 
a""f«LafV a^/"^S5^ae\'^^ae/'^ain«ea0*i 

which may be written 

where /uroos 0. 

CylindMoal Coordinates. 
In this system x^^tcobO, y^rtind, 
and ^•a^fi^.fidet+ifoi. 
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TlME«foE9 the eqiMtbii f Of t^ l^^ 

whidi may be written 

7. Initial and Boondaiy Oonditioos. 

Before we can pioceed to the mathematical diacuanon of the 
picblems of Conduction, it is necessary to detennine the f onnuke 
which will express the Initial and Boundary Conditions which the 
temperature satisfies. These are partly the direct expression oi 
the results of experiment and partly the mathematical statement 
of hypotheses founded upon these results. 

L We assume that in the interior of the solid t^ is a continuoiu 
function of x, y, z and t ; and that this holds also of the first 
differential coefficient with regard to t and of the first and second 
differential coefficients with regard to a;, y and z. 

n. Initial CcndUions. 

The temperature throughout the body is supposed given arbitrarilj 
at the instant which we take as the origin of the time coordinate L 
If this arbitrary function is continuous, we require to fiind a solution 
of oar problem which shall, as t converges to zero, also converge 
to this value. In other words, if the initial temperature is given bj 

our solution of the equation, 

t-^"- - 

must be such that Lt (t^) ^/{x^ y , z) 

at all points of the solid. 
' If the initial distribution is discontinuous at points or surfaces, 
tiiese discontinuities must disappear after ever so short a time, 
and in this case our solution must converge to the value given bj 
the initial temperature at all points where this- distribution v 
continuous. 

m. Boundary or Sufface Conditions. 
(A) The Surface of Separation of two Media of Different Cmt 
i/udiviUuKxandK^ 
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Let «! and t^, ctenote the tempentuxes in th^two media. Then 
it is aanimed that at the suzfaoe of aepaxationthe tempetatoxes aie 
the same. 

Suppose an element of aiea d8 taken upon thesoxfaoe of s^am- 
tion, and that an element of volume is oonstructed by meanuing 
off lengths c along the nonnals over this area into both media, the 
quantity c being an infinitesimal of a lower order than the linear 
dimensions of dS. 



no. s. 


Then the rate at which heat is gained hj this element of voliime 
from the flow over the surface will ultimatdy be 


(«.^+^^*'- 


the differentiationa being taken along the mmnals from the 
mon surface into each medium, the oontributiim from the ends 
being negligible. 
Equating this to the expression 


2,{cp,^+c,^^)d8. 


C|, Ci being the specific heats and pi, pf the densities of the two 
media, and proceeding to the limit when e vanishes, we have 

and V|=Vj, 

as the conditions at the surface of separation of the two substances. 

(B) When radiation takes place at the surface of the solid into 

a gas at .'the temperature t^^, it is i^ssumed, and the assnmptioii 
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m BoggMted bj experiment, that the loas of heat per unit aiea per 

unit time is piop(Hrtu»ial to the diffeienoe of the tempeiatun 

of the emfaoe and the gas. In other words this loes of heat ii 

Hiv-^^^)^ where JET is a constant associated with the state of the 

solid and its surface. This quantitjr is called the Emissivity oi 

ETterior Conduetivitjr, and it is foimd to vary considerably witi 

the tempeiature and the state of the surface, so that in experimenti 

on conduction it is best, as far as possible, always to reduce tbc 

lofls of heat by radiation at the surface to the magnitude of a smal 

correction by treating the surface with a suitable material. 

The conditions at the surface follow in the same way as above, 

and we have ^. 

g+*(t^-t^o)=0, 

wbere H/K=h, and the differentiation is taken along the outward- 
drawn normal. 

(C) There are other possible surface conditions. The boundaij 
may be kept at a constant temperature, or at a temperature whicl 
varies with the position of the point and with the time; or the 
boundary may be rendered impervious to heat. The analytical 
expressions for these cases are obvious. 

In the niAtlieiiiatiosl tieatiiiaiit of the qoMtUm these surfaoe and initial 
ccpditions axe not reguded as oonditioiis which v must satisfy on the surfaci 
itself or at the instant |s0. They are taken as limiting conditions, and it 
is leqinied In the one case that our solution shall converge to the given surface 
or initial value, and in the other ease that the differential coefficients in the 
limit as we approach the surface shall satisfy the corresponding conditiooi. 

8. The Sdutfam d the ProUem is Uniaue. 

We shall now show that the general problem of conduction, 
based upon the equation of conduction and these initial and surface 
conditions, admits of only one solution. , 

If possible, let there be two independent solutions V|, v, of the 
.equations 

^«icV«t; in the soUd, 

v=^f{Xt y, z) for ^=0 in the solid, 
t)ss0 (a?, y, a;, e) at the surface. 

list V'^Vi'-v^ 
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Then V satisnet 

~^-cV«rmtheiolid, 

F«0 fori»0 in the iolid,^ 

Fs«0 at the Buzfaoe. 
We shall prove that V most be jsexo eveiTwhere in the iolid.. 
Conflider the volume integral 

the integration being taken through the lolid. 

But by Oimu's Theoiem, 

JjF^<W-Jf|FV«Fd«<ly«fo 

the integrals being ta]cen over the 8urfs4)e and through the Tohune 
of the solid. 
Therefore 

Since V is zero over the surface, the first integral vaniahesi 
and we obtain 


. Therefore 

%=o- 

Since JnO when ^« 

0, it follows that 

. 

J^O. 

But since 

. '-111?* 


JgO. 

Thus we must have 

J-O and F-0. 


16 THE DIFFERENTIAL EQUATION OF THE 

A similar diaciiflsion shows that there can be only <me solutio] 
for the pxoUem with the other Boundaiy Oonditions and for th 
case of Steady Temperature, To pzove that the equations mui 
ha^e. a soluticm is another matter. Their physioal interpretatioi 
reqnires that this be true: the mathematical demonstration o 
soeh EziBtenoe Theorems belongs to Pure Analysis. 

9^ Smpliflcation d the Qeneral Problem d Ckmdiietion* 
When the surface conditions do not yary with the time^ we mai 

reduce the general problem to depend upon two simpler casei 

one of these being a case of Steady Temperature.^ 
For example, when we have to satisfy 

~ssicV^, through the solid, 

^«=/te y» «) initially, 
and iy==:^(x, y, 2;) at the surface, ^ 

we may put v^^u+w, 

wh^re ti is a fimction of a;, y, z only, and satisfies 

V*u=0 through the solid, * 
aiud tia=0(a;, y, 2;) atthesurface; 

and 10 is a function of a;, y, z and f, such that 

—ssicVHiy through the solid, . 

«^=/(»» y» «)-<« initially, 
and iTssO at the surface. , >' . 

The first is a case of Steady Temperature, and the second is 1 
case of Variable Temperature with zero surface temperature. 

The case of Badiation into a medium whose tmiperature doa 
not vary with the time may be treated in the same way. 

When the surface temperature varies with the time, or when 
raffiation takes place at the surface into a medium whose tem- 
peratore varies with the time, three different methods may Ix 
employed.;. The first is due to Duhamel, who showed that these 
two cases could be reduced to those of constant surface temperatuR 
or radiation into a medium at constant temperature. The second 
method corresponds to the use of Green's Function in the Theoij 
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of FotentUd. (Of, Ch. X.) The ihixd inTolyes the nae of oontour 
integrals. (Of.Ch.XI.) 

At this stage we shall refer only to Duhamel's method/ which 
depends upon the following theorem : * 

I, Ifv^Fix^fffZ, \,t) nprtiffiU the temperaiufe ai {Xfy,z) ai il^ 
time t in a edii in whick ike t mMo) temperaltufe i$ zero^ iMle iis 
iurfaoe temperahnre i$ ^{x, y, z, X)» then' the eohUian rf Ae prMem 
in whidi the initial temperature ie zero, and the eufface temperaiure 
i^ 0(^» y* ^f i)f ^ gi^f^ by 


«=rJ^|^J(»,y,«.X,f-X)rfA. 


When the surface temperature is jsero from fa— oo to 1^0, 
and 0(x, y, z^ \) from f«0 to t^tf we may say that the initial 
temperature is zero and the surface temperature is ^{x^ y, z, X)» 
80 that the temperature at the time t is given by 
v^F{x, y, s, X, t), when t >0. 
• Therefore when the surface temperature is zero from <»— oo to 
t^\ and i^{x, y, z, X) from t^\ to t^t^ we have / 

I v^F(x, y, s, X, <— X), when t >X. , 

Also when the surface temperature is zero from <»— oo to 
(sX4-<lX and i^{x, y, z, X) from f =X+dX to t^^t, we have 

I ««J'(flc, y, «, X, f— X— JX)^ when <>X+tfX* 

H^ee when the surface temperature is zero from In— oo to 
(bsXJ 0(x, y, Zf X) from l=X to t^\+d\, and zero from |a?X+ilX 
to <=^l» we have 

v:=^F{x, y, «, X, e-X)^ J'(ar, y, z, X, I— X— rfX), 
or ultimately 

v=^J'(», y, z, X, f-X)dX. (OX) 
this way, by breaking up the interval t=^0 to t^t into thsse 


In 


smal^ intervak, and then summing the results thus obtained^ we 
find the solution of the problem for the surfoce temperature 
0(^> y» ^9 in the form 

v.=J g^-F(x, y, «, X, <-X)rfA. 


* a J. ^. ^ytoeA., Paris, 14» Oah. 22. p. 20. 1S33. 
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Tkt eofieBpondiiig theoiem for the case of ndiation is 

n. If v^F{x, y» Hy X, t) repretenU the temperature ai {x^ y, z) 
He time t in a solid in whu^ the inUial temperature i$ zera^ u>l 
fodiaiion takee plaee at its surface into a medium ai i^{x, y, z, 
then the sdhUion of the prdbiem in which the initial temperature 
zero, and the temperature of the medium i$ i/>{x, y^ z^ t), is given by 

««J Q^F{x,y,z,\,t-\)dK. 

When the suzface temperatuie, or the temperature of the medii 
into which radiation takes place, does not vary from point to poii 
but changes only with the time, these results may be stated in 
slightly simpler form as follows : 

QDL If v^F{Xf y, z, t) represents the temperature at {x^ y,z)at\ 
tme tin a solid in which the initial temperature is zero, while its surft 
is kept ai temperature unity [or, in the case of radiation, while radiati 
takes place into a medium at temperature unity], then the scluti 
cf the probl^n when the surface is kept ai temperature 0(0 [or, 
the ease of radiation, whUe radiation takes place into a medium 
temperature 4^{t)], is given by 


t>«J 0(X)^ J(«, y,z, t-\)dK. 


Now the general problem with varjdng surface temperatu 
requires the solution of the equations 

9v i 

^sBjcV^ through the solid, 

v^f{x, y, z) imHaHly, 
t;»:0(a;, y, 2;, At the surface. 

Put «aaii-Hir| where 

^»jcVHi through the solid, 

fiecO initially, * 

fi»0(a?, y, a;, Q at the sur&oe ; 


I- 
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\ ■ dw ' 

•ad I 'S'^'^^ thxoagli the lolid, 

f0«O at the SQifaoe, 

The equations for u we have jnefc disouaied. Thoee for w ave 
in their simpleet form. Henoe Duhamers Theorem eimplifieii tiik 
pioblem and xedooes it to the case of Burfaoe temperature independoit 
of the time* 




GHAPTBR II 

POUBIER'S RING . 
IOL BBtaoABOIoifo ' 

From leaaops of symmetiy in ihe initial distribution of tempen- 
tore or the fonn of tide solid, it will often happen that the equatiooi 
for the temperature which we have obtained in the previous chaptei 
may be simplified, and that one, and sometimes two, of the co- 
ordinates disappear from these equations. For example, if we an 
dealing with a sphere in which the initial temperatuie is a functioi 
only of the distance r from the centre, and the surface oonditiom 
are the same all over the sphere, the temperature will depenl 
only upon r and t. Similarly, if the solid is bounded by two paralM 
planes, x^O and x^^a^ and if the initial temperature is a functioi 
of X only, and the surfaces are kept at constant temperatures, tk 
iaoihermals will remain planes parallel to the bounding plan«& 
and the temperature will depend only upon x and t Further, 
in the case of an infinite cylinder whose generating lines aie 
paralld to the axis of 2, when the initial distribution is tk 
same at all points on lines parallel to this axis, and the boundaiy 
eonditions are of the same nature, the temperature will depend 
only upon x, y and ^ and will be the same at points in the cylinder 
which lie on lines parallel to the axis. 

IL The BQuation d Conduction in Fdurier's Ring. 

One of the simplest and most suggestive problems in the Coft 
dnction of Heat, when the temperature depends only upon ov 
coordinate and the time, is Fourier's Problem of the Ring. TU 
problem is also of special interest, as it was the first to whid 
Fourier applied his mathematical theory, and for which the resub 
of his mathematical investigation were compared with the facts c 
experiment.* 

* Fourier, TkiorU analytiqiu de la ehaleur, Ch. IL and IV. 
20 
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For fimplioitjr we ahall loppose the ling to be fonned by the 
cevdatioii of its nonnal oioM-Beotion, a cinle of small lednu, 
aboat an axis peipendioalar to the plane of the ring, though the 
invsstigation will also apply to any ourved bar of small eross- 
seotkmi the axis of which forms a dosed ennre Kith no loops. 

The ciossHieotion is supposed so small that the temperainie 
may be regarded as the same at all points of the section. The 
initial distribution is given, and the problem is to determine the 
temperature at any point in the ring when it has been allowed | 
tQ cool by radiation and conduction, or by conduction akne, when ^ 
the surface is impervious to heat. | 

We choose the length x from a fixed point on the circle passing 
thiough the centres of the normal sections as the coordinate <lAfining I 
the position of a point on this circle. We examine the movement | 
of heat in an element of volume contained between the sections | 
ab and aV at distances x and x+dx from the origin, the area of the 
cross-section being w and the perimeter p. 

The rate at which heat flows into this element over the face ofr I 
is equal to ^df^ 

-^&"' . ; 

and the rate at which it flows out over aV is 

Hence ultimately the rate of gain of heat due to the two ends is * 

Pvenby gt^ 

K^^wdx. 

The rate at which heat is being lost by radiation at the aurfaos 
of the element IB H{v-'VQ)pdx, 

where ff is the emissivity : and the total rate of gain of beat is 
therefore ultimately 

{K^^^-^pH{v^v.))dx. 

But, if c is the specific heat and p the density of the substance, 

this rate of gain of heat is akK> ultimately equal to 

dv J 
cp-g:wax. 

9t epdx* Cfita^ •' I 
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epm 

dt" 



When tba sozboe is zenderod impervious to hmt B is seiOi an 
tiie eqBstioii beoomas ^ ^%^ 

Also tba €Me in whidi theie is ndiation may be zeduoed to tii 
faun bj sobstitatiiig v^Ve+tir^, 

tiie eartenud tempemtoze t^^ being constant. 

It will be noticed that when £ is not constant, a similar disoussk 
leads to the equation 

12. The Tariabto Tsmpeiataze d the Ring. 

CSonsider the distribution of temperature in such a homofgeneon 
iaotiopic ring oif unit radius, when there is no radiation at the surfaoi 
and the initial tempeiature is an arbitrary continuous function /(s^ 
aatisfyingDirichlet's Conditions (cf. F.8., |9S),*whUe/(-ir)»/(T! 
In this problem we shall suppose this arbitrary function continuou 
In the other cases of Linear Flow of Heat tiie difficulties introduce 
by discontintuties in the initial temperature will be examined.^ 

The equations for the temperature are the following : 

(1) ^^'^S' «>0'-^<»<^) 

(2) v^f(x\ (t^O. --ir^x^ir) 

(8) 

(t>0) 


\dx/x « w \dx/x ■ - » J 


ihe third conditaim simply expressing the fact that the temperats 
and the flow of heat must be continuous at the point given I 
x^±ir, or the opposite end of the diameter through the origin. 
' Let the Fourier's Series for /(op) be 

at+(a| cos x+bi sin x)+{a^ cos 2x+b^ sin 2x)+... , 

•Li this TofauM the author*! book Fourim^s Seria and InUgnU (2nd fi 
ie21,wmb0iffrfemdtoMl',A # 


■ilm< 
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iotbat a.^^^mdx\ 

0(Miaider the fonolkm V defined by the iiiMt0 Mi^ 

a^+{^ <XMi jr+&| sin x)r^+(a^ ooe 2«+6t em 2ir)r-^+ ••• 

m 

or S(a„cosfix4-frii«mius)r''^. 

It is clear that each term of this series satisfies the diffsmitisl 
equation (1) and the conditions (3), and that if we were dealing 
with the sum of a finite number of terms, the sum would also satisfy 
these conditions. In the case of an infinite series we have seen* 
that we must proceed with more caution. 

Since f{z) is bounded,! there is a positive number M such tiiat 
\f(x)\<M in (-it^.t). It foUows that K|<ir, |aJ<2M and 
|6,|<2Af for all values of n. 

Therefore |(a, cos nx+b^^ sin nxje-'^l <41fe"***^, 
where <=^<0. 

go 

But the series ^e"^^ 

is convergent, and its terms are independent both of x and f; 
therefore the series 

is uniformly convergent for any interval of x, when t>0, and 
regarded as a function of t, it is uniformly convergent when t^ <li>0, 
/q being any positive number. 

The function t; defined by this series is thus a continuous funotion 
of z and a contmuous function of t in these intervals. (Of. FJ3., § 68.) 

It is easy to show that the series we obtain by term by term 
difierentiation of v with respect to x and t are also uniformly oon- 
veigent in these intervals of x and t respectively. Thus these series 
represent the differential coefficients of the function t;. (Of. ^JS., 
§71.) 

• Cf. F.8., CL v. t Cf. F.S., H 24, 31. 
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dv Bh) 

Thw V Btttisfies the differaatial eqiiflktion (1). 

Noir the serieB which defines i) has been shown to be niiifonntf 
eomreigent for any interval of x^ when t>0» and thus to be oohtinuom 

in aneh an interval^ and tiie same holds of the series for -g-. 

But the values we obtain for v when we substitate x^±w an 
iliAsame. Therefore Lt (t;)« Lt («), 


It would have been more correct to state tiie conditions (3) d 
OUT problem in this f orm» since we are not so much concerned with 
the value pf these functions for x^±ir as with their limits when> 
tends to ±ir. 

We have now to examine whether the function i) satisfies the 
initial conditions (2). For this purpose we must use the extension 
of Abel's Theorem (cf. F.8.t §73» I.)i since we have only proved 
that die series for t^ is uniformly convergent when <^^>0, and 
without further examination we could not use the fact that v=^f(x) 
when {sO as equivalent to the initial condition (2), which is reaUj 

*^* Lt (v)^f{x). 

In the extension of Abel's Theorem above referred to, we saw 
that when o,+a,+«,+ .,. 

b a eonveigent series whose sum is A, then the series 

whoe 0=a«<ai<... ard 0<t, is also a convergent series, and 
Lt ^(t)=a||+ai+,..«il. 

Let us apply this theorem to th^ series 

v^a^+(ai cos x+bi sin x)er'^+... • 
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BiDoe we have Msumed that the oontinuous faiictbn f(x) aatia- 
fiee Dixiehlet's Conditioiis in the interval — T^fl?^'r» aiid that 
y(gr)s3/(— ir)» we know that the eeries 

a9+(a| 006 9+6i sin s)+ ... 

converges to the value /(a?) in the whole interval — T^fl?='r. (Cf. 

ThuB our Beries conveiges when ta:0» and our theorem teOa us that 

Lt(v)«/(»). 

OP 

Therefore v»]^(a«coe nx+6«8in n«)r*** 

satisfies all the conditions of the problem. 

It. The Steadf Temperature ol the Ring. 

Let the section of the ring at x^±Tr be maintained at a oonatiant 
temperature V until the flow of heat has become stationary aloiig 
the ling, radiation taking place into a medium at a constant tern- 
perature, which we take as the sero of our scale. 

The equations for t^ are 

(1) ^i-/t!?=0, where M«=§. (--»<»<») 

(2) v^V at »=±ir, 

and (8) ~=0 at a?=0, 

the last equation being required by the symmetry of the distribation 
of^temperature. 
The general solution of (1) is 

i;=sil cosh(^a?+a), 
A and a being arbitrary constants, and it is clear that all the con- 
ditions are satisfied by the solution 

^cosh >a; 
^==^55sh^' 

which thus expresses the final state of temperature in the ring. 

A method of determining the conductivity is founded iqpon thia 
result* 

•Of. 1 82. 
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Ltfe the tempemtuzM be «i, «, and t^, at any three points ^i, i 
and a^ in the ring, and let . 

and for three each points this ratio is constant* This result i 
confirmed by experiment, and was first pointed out by Fourier.* 
Fatting (t^i+t'tV^t'^^n, say, we have e^«n+ V(»*— !)• 

and thus i^^»log(n+V(»'-l)). 

U, then, we have two rings of equal perimeter, cross-section ani 
cmiasivity, and temperature observations are taken at three pointi 
aa described above, we would obtain the ratio of their conductivitie 
in the form jr, / log(n,+V(n,«-l) )V 

«i''Vlog(n,+VU«-l)j/' 
2% and 214 being the values of {vi+v^)/v^ in the two substances. 

The disadvantage of this method is the uncertam character 
the eroissivity. 

14» H'eimiann's Ring Ketfaod ol obtaining the Vafaies ol the Cte 
dQettftty and BmissMtsr* 

Suppose the ring, as in § 13, heated at x=*±t until the flowol 
heat has become steady. The source of heat is then removed, ad 
the ring is allowed to cool, radiation taking place into a medium al 
eonatant temperature, which we shall take as zero. Measuring ik 
time from the instant at which the source of heat is removed, tk 
equations for 1; are as follows : 

(1) t'^^S""'^^' (t>0, -T<»<ir) 

,_^coAm? 


<2) --y^^' (^=0. ------) 


(3) 




(OO) 


=5e ,=,? 


ifsrs— and /li»a/~. 


* Fourier, loe. CO., §{ 107410. 
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Patting v-a'^Hi, theM eqaatiou ghra 

W ^"'W' <'>0.-T<»<ir) 

(«) 

(«>0) 




Bat, anng the OodiM Series for —^-^, namaly, 

coeli/Mg_ 2MtBnhMx r 1 , ■^ coewT . ^1 

oar aolution for v ifollowB at once, and is given by . 

After a considerable time has passed, the convergenojr ol tlub 
snies becomes very rapid owing to the presence of the factor a*^**^* 
Neglecting the terms after the first two» we have the equations, 

2V 
t;o+«,= — tanh/Ltire-^, 

connecting the temperatures at a:=0 and x=w. 

This method requires the observations of the temperature when 
the ring is cooling at the points x^O and x^^ir. These observationB 
should be taken at equidistant intervals after a sufficient time haa 
passed to allow our approximations to hold. If these conditioiis 
are satisfied, the observed values of log(t^v±i;||) will lie on two 
straight Imes. 

Let ' Vo+^'=^i when t^ti^ 

i'o+v»=^t when <=it. 

Then ?l«e^(^-M, 

at • 

and ,^^ loga,-logai , 

■ The mean of a set of such observations will thus give the value 
ofX. 
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In ih* Mune w«7, let 

—Vt+v,'^ when <— <„ 

Tim !»««(«+*)<«•-«.), 

Yfhm. K and \ have been detennined» the valnee of K and II 
fellow.* 


ilwi. cMiii. flt^. Paris {Bit. 3)» es, p. W, IMS; PkiL M99, 
(Ser. 4), Mb p. 68, 1863; Kirohboff, Vorknm^m iUter mtOhsmaUkk 
Pi^yitt* Bd. IV.. p. 40b Mpiig* 18M. 


CHAPTER III 

THE UNBAB FLOW OP HBAT. 
THE INFINITB AND SBMMNFINITB SOLID AND BOD 


I 
118. 

jln this chapter we shall eTamine the different pibblema whtn 
the iflotheimal surfaoes are phwee paiallel to ^^O and the flow 
o{ heat 18 linear, the linee of flow being, parallel to the axis of 
X. It will be seen that the results we obtain in this way sbo 
serve for the flow of heat along straight rods of smaD cnw- 
section when there is no radiation at the surface. 

After obtaining the solution for the Infinite Solid, we proceed 
to examine, in detail, the many important problems of Linear How 
of Heat in the Semi-Infinite Solid, or the solid which is bounded 
by the plane z^O ^and extends to infinity in the direction of x 
positive. Various applications of these results in obtaining the 
values of the CSonductivity will be noticed. The oorrespondiog') 
problems in the case of the Finite Solid bounded by the phoiei 
x=:0 and x=sa will be treated in the next chapter. 

.16. The Infinite Solid. 

In the theoretical case where the solid is unbounded and the 
initial temperature is given by the equation 

the equation of conduction reduces to 

dv dh 

since t; depends only on x and t. 

Consider the expression 

1 -^ "^ 
u=-7ie *«<• ^^ 

29 
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tliii wprawbn is a particular integral of the differential equation* 

1 (jg-»^y 
, Therefore » >. ^ g" <«< . \ 

18 alao an integral. 

* Further^ the equation being linear, the sum of any number c 
particiilar int^pials is also an integral, and thus 

the eqnatum, asaninjiig tiiat this int^p»l is oonveigent. 
Ptattmg af'=x+2y/(ia)i, 

find that »-- ^ f* /(a!+2V(rf)^)«-**rff. 

In the limit when t'^0,f{x+2\/(Kt)()^f{x), if this function i 
continuous; and it is assumed that the limiting value of thi 
hxtegnl is ^ven by 

wMch is equal to/(x). 

Therefore the temperature in the Infinite Solid at time t, dn 
to the initial temperature 

Hm oonctponding teBulta for two mkI (brae dimemionB •» 
1 9 7 7 tf-^tHfa-rt'-MfiT 


• OL JTwS^ p. litS. Ex. IS. and GOtMin, TreoMM M tt« OalarfM (Sad. Kd.). ^ M 
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« 

and therefore I a'"^ooia(a/— ap)Ai—o^^^a' ^ , 
we my trmrf oim the expteniop to v into 

-f ifa'r/(a/)oo8a(a/-»)a-^Ai. 
e fotm* which woqld be anggeitecl by Foiuier's Integral to /(ar), 
"^V ^J*rfa J* /(«')ooia(«' -»)&?'. 

17. The above Is the form in which Upbo6*s ■olatioii for the InliBitt^ 
Solid it usneUy proiepted. Thera era •ovaial pointe in the eigmBont whieh 
ohWoudy lequiie fuller traetment if the diooaerion is to be at ell i 


^» •<*'*>-iL^)ry<''>*"*^*^- 


L We ihaU aMuiiie* in the ftnt plaoe, tJiat the arUtrary fanetion /(«) 
if boondedloraUyaliieoof «{<.9. |/(«)|<Jtf»fdrallyaliieoof a^ and integn^ 
in any given interval. 

. J ri^\m' 

Thii integral i« oonvergmit when l>0, and it oan be diffonntiated under 
the ngn of integration, both with regard to « and I. (CI. FJ3.,id6\. , 

Let X be a point at which the arbitrary function la continuous. 

•Then to the positive number c» chosen as small as we please, there eorva> 
upends a positive number i| such that 

!/(*') -/(»)I<K when K -*l ^i|- 
Denote these integrals by /^ /, and /». 


'U 


''*'^'V(«+v(««)«)«-"'*^ 


Now 1} is known I it follows that we can choose l| so that 
j-VV(.0^.^^^ A ,^ when 0<IS^ 

•biMthehit^gial J e-»*d«oonveiiges. 


* For the bearing of this work on the representation of 

by a series o! polynomiahi, reference may be made to Borel, XcpoM Mr lee /nmMmm 
<<• «srts6(M r^elft^ p. 00, Paris, 1900. 
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Smflaity, m oaa ohooM <t w tlukt 




But we Ma ohoow Ig lo tbftt 

<ic, wheal>0. 
Thflnlm | /« -/(«)l <i<« when 0<l ^ <,. 

Bat tK«tO-/[«)«/i+(/|-/(«))+/.. 

Thnfl. If r if the emeUest of ti^ !« end f«, we have 

|r(«, l)-y][^)|<c» when 0<I^t. 
In otiMV worde» loe havt etoon lAol 

Lt v(«, !)«/(«), 

«ilbe» c i0 anypoM ai uhkhf{x) %» continuouBtand thefuneium ha» bun aatu 
htmndedfor aU wdMes ofx and inUgrdtU in any given interval, 

JL It will be foond by e lUnaar aigument that 

iitt<«;i)=it/'(«+o)+yK».o)}, 

^dien the ]imile/(«-fO) and /(«-0) ezkt. and the fiinotion It rabje^ 
tlie lime eonditione aa before. 


IIL LBt/[c)beoontinaoiiBintheinterval(a,j9)andalsoattlieendaof 
InieiryaL Tlien the number ij referred to above will serve for all value 
X aneh that a ^«^ j9. (Cf. F.S., § 31, Theorem I.) 

With lome obvious verbal ohangee In (L) it will be seen that v{x, I) U 
uniformly to/(x) in the Interval (a, j9) as i-^O. 
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In otii8rimdf» m h»T9 

W«^0-/[»)l<itWll«O«^T. 

Ilie MUM r Mrring lor all taIom of « in (m j9). 

IV. Thotheoi«m6ttoblidiedin(I0i«A]>otro^iHMntlioMU 
/(«) doM not Mtiify nil the ooodilloni there impoied upon it 

For ezemple, if /[»)»«*» it it not hounded lor ell Ynlnee of x. 

> Sjhif.. •''■^ "'^L C+M"*).)^-** 

ItfoUowitlwtiriieaM>0.r^nj «^< ««< A^hHtheliattA 

Futhiar, it wiU ba mm tiwt whrn 

/(«) >(^ +a,iv + ... -t-tg^, 

weebohnye Lt e(s^ !)«/(«).* 


V. It mey he noted thnt in the ehove diteimlon it hee not 1 

thet r /[fl/)^^' oonTeigee. It is not diiBonlt to ehow, as in (Ly» the* wften 

M ii haundid and inUgrdhk in anif given inkrvalt and I \f(a^\da^ eon* 

vtrgu, v(«, t) ka$ the Umit f(x) (or tt/(«+0)-i-/(«-0)D a$ f-^, i0he» He 
fimdion ie eonHnuaui aixorhoion ordinary diaconUnuUjf Aen. 

18. The Semi-Iniliiito Solid. 

Let the solid be bounded by the plane x^aQ nnd extend to infinity . 
in the diieoti<m of x positive, the initial tempexature being given 
by vssf{x), and tiie plane x^O being kept at zero tempemtnre. , 
The solution of tbis problem may be deduced from that oi tbe 
Infinite Solid. 

We 'suppose the solid continued on the negative side of the plane 
a;==0, and the initial temperature at ^x' (a/>0) to be — /(o^), the 
initial temperature at x' being f{x'). With this distribution the 
plane x~0 will remain at zero. 

Then we have 

. and this teducea to 

If*/ (*-*')« fe±£J!\ 


-svraW*'"^ 


* For a more general diaouMion aee Gounst. OoursffAmdifmt T. IIL, { MS, 1910. 
c,o.H. o 
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It is dear tbat this value of v satLifiea all the oonditions of 
pioUem of the Semi-Iofimte Solid whoee bounding plane is li 
at xero temperature. 

TVhen the initial temperature is a constant, F, this expresi 
may be simplified by substituting ^ ^x+2y/{Kt)i in the first p 
and o/n— 9+2V(<te)^ in the second. 

Weihus obtain »«-4- e^^di 

The definite integrals of this lype have been tabulated,* an 
wa wnte ^ c* 

tiie aohition of the problem of the Semi*Infimte Solid, whoee sun 
is kept at mo tempetatoie, the initial temperatnie being 1 

"With the aid of the tables for these functions we can find 
time which must dapse before the temperature at a depth x 
fallen to a given fraction-Hsay | — of its original value. 

Since, if «»|7, we must have 

and from the tables for 6(^) it follows that 

2^^j«477 approximatdy. 

Frmn calculations based upon the values of k for silver 
bismuth, Weberf states that it would take ^ second for the \ 
peratures to fall by one half at a depth of 1 cm. in silver, and 

^Tha fiirit 4able of thaie integral! wm pabliihed by Bneke in a paper oi 

••Method of LeMi Squaiee** in the Berlin AitnMumischu JaMueh lor 

giving the Ttlnee of 0(») for «sO to »s2 at'intervab of '01 computed to i 

. daelmalplAoei. De Morgan extended this to «»3 in his" Euay on Fxobafatti 

(1S38). A new table, to fifteen places, from ««0 to «83 at intenrala of -OOO 

been pobUshad by Burgess in his paper " On the Definite Integrals — j i 

with extended Tables of Values,'* Edinburgh, Tram. R. 8oc, S9, p. 267, 181M 

f Weber-Biemann, Dis partiiUen DifferenHal-gkickungen d» moiAemoii 
PAyfiib, Bd. n. (2 Aufl ), f 37, Braunschweig, 1012. 
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in Umittih it would take 8 minutCB : while the timee leqniied far , 
gueh a change at a depth of 1 metre would be about 1 hour and 1| 
months respectively in the two substances. 

It wQl be noticed that the expression for the temperature may 
be transformed as in f 16 into 

v«~[ daf\ /(»')[cosa(«'-»)-rCOSa(»*+x)]e-'**iIa 
wJo Jo 

«=■- I daf\ f{af)maiagf maxe"^da^ 
▼ Jo Jo 

a form suggested by Fourier^s Integral 

f{x)^ ~ [**»[*/(»') «n aa^ sin a»dii^. 

IT Jo Jo 

Is. 1. ProTe that when the boundary s^O Is kspt at tempocalnve unitj 
tod the Initial temperatttxe is leio. 

Is. 1 Fkove that when the boundsry 9mQ It impervious to heat» the' 
lolatioQ takes the lonn « 

1 r / <^-^^ .fe±£3!v 




ooBax^ooBaxe^'^^^diu 


-f.r"^t 


Theoonrei 

for different values oil may be drawn. As I inoiesBes these onrfss fsS 1 

and approach the line «sO. As I gets smaller and smaller they approach 

^^ t,=F. when «>0. 

and the limiting fonn of the curve for I =0 Is the origin 

«=0/ »>0f 

If we take the oaae in which the semi-infinite solid Is Initially at asm tem- 
perature and the surface z^O is kept at unit temperature^ the sohitioa k 

.Wiathl.0-. .. |„j^je-«. 

We ace indebted to Professor A. Stanley Mackiyniie lor penaissioii to 
roproduce the curves, Figs. 4, 6, 9, and 10, given in his paper '^Qn Some 
Equations pertaining to the Propagation of Heat in an Infinite Medivm ** 

PhUaddj^ia. Fa., Proe. Amer. PhO. Soc, 41, 1902). 
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19. Ihe fiilliiito or Ssmt-fiilliiito Bod. 

The problems for the Infinite or Semi-Infinite Rod of Bmal 
erosB-aeGtion may be solved in the same way. As in the case ol 
Fourier's Ring, the cross-section of the rod is supposed so smsl 
that the temperature at all points of the section may be considered 
the same as that at its centre. 

Suppose the rod to lie along the axis of x, and consider Hke elemenj 
of volume bounded by the sections at P(x) and P^{x+dx), 

The rate' at which heat flows into this element over the face al 

where m is the area of the cross-sectioQ of the rod. 
Similarly, the rate at which heat flows across the face at P' is 


Henoe ultimately the rate of gain of heat in the element from thea 
two faces Ib dh) 

The rate at which heat is lost by radiation at the surface is 
ff(v— Vo)yda5, 
where p is the perimeter of the cross-section and v^ is the temperatuv 
of the medium. 

Also the total rate of gain of heat in the element is ultimately 

dv J 
wcp g^dx. 

Thus we have -5^=7- art— r-^ {*>—^9)» 

Ot Cp ex* Cptd ^ 

which becomes 'S^'^Bx^"^ ^^ "^^•^ 

on putting — =aX and — ^k. 

^ ^ cpia Cp 

When the surface of the rod is rendered impervious to heat, s 

that no radiati<m takes place, the equation for the temperatui 

takes the form dv dh) 

di'^^dx^* 

and the problems 6n the distribution of temperature in an Infinit 
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orj Semi-Infinite Bod Me reduced to thoee of lineer Flow in nn 
Ii^te or Semi-Infinite Solid, 

iWhen radiation takes place into a medium at constant tempera- 
tolre, this may be taken as the sero of our scate, and the equation 
bocomes ^ gt^ 


rmch 


J . du dhi 

reduces to ft-'f^' 


oil substituting ir»iie*^^ 

'Thus the problem is reduced to that of Linear Flow already 
examined. 

jlf the material of the rod is not h<nnogeneous, it is dear that 
the temperature equation becomes 




1 80. Oonduettvity Biperiments opon Banu Steadjr Temperatim. 

I The fundamental experiment described in f2, from wliich 
oiir definition of conductivity is derived, has been used in the 
determination of the conductivities of difbrent substances. The 
mathematical theory of the Conduction of Heat in a Semi-Infinite 
Bod has also been employed in finding the conductivity and 
emissivity . We shall refer in this article to experiments in 
^hich the Steady Temperature is used. 

A straight bar of small cross-section of the material to be tested 
is taken and heated at one end till the temperature becomes steady. 
II the bar is long enough, the temperature of the further end is 
practically unaffected by the source of heat and remains the same 
as that of the surrounding medium, which is taken as xero. The 
circumstances of the experiment are thus represented by tiie 
equations 

jc^— \t;=0, v«Fata5=sO, v»Oata;=>ao, 
and v^Ve-^^'^ 

gives the temperature at the distance x from the end which is 
kept at the temperature F long enough for the steady state of 
temperature to be reached. It will be noticed that this requires 
that the rod should be of such a length { that ^/(X/k) I is very large. 
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Ban of different metab of the same dimensioiis axe used and 
tiie suifaoes are varnished in tiie same way, so that the value oi 
Hhe emissi^ty will be the same for each. In this case temperatun 
observations in the rods give the values of X/jc» and thus the ratioi 
of the conductivities are obtained* The experiments of Ingenhausen, 
Despretz, Wiedemann and Franz, are based upon this method, simI 
descriptions of their work may be found in Text-books of Physics.^ 

However tiie power to radiate heat is one which it is hard tc 
r^ulate, and for this reason these experiments are not of such valiu 
' as others which we shall discuss later, in which the conductivit] 
is found directly and without reference to the value of the emissivity 
It is to be noticed also that these experiments only give the relativi 
values of the conductivities. 

The classical experiments of Forbesf afford a method of obtainiDj 
the absolute value of the conductivity of metals. Forbes ak 
employed the Bar Method and used the Steady State of Temperature 
His method consists of two essentially distinct sets of observationa 
In the first, the steady state of temperature of a long bar of wrough 
iron (8 ft. long and 1^ sq. in. in cross-section) was considered 
The bar was heated at one end till the temperature had becomi 
steady, and it was of sufficient length to allow the end f urthes 
from the source of heat to keep the temperature of the surroundini 
medium. The rate of flow of heat across the section distant x fron 
tlie heated end is given by 

dv 


— Kw'. 


'm bemg the area of the cross-section. 

This must be the same as the rate at which heat is being loe 
by xadiation at the surface of the bar from this section to the end 

Forbes determined the value of ^ from the readings of thei 

mometers placed at different points along the bar, and his work i 
tliiia independent of the mathematical solution which the othe 
experimenters employed. 


• GL Pdjmtiiig and Thoinfoii, Text-book of PhyHcd^Ueat (6th Ed.), ji. 96 e< Mf. 
Fkcston, ThMryofBiot (3id Ed.). K296.S99; WiDkelmium, UatMuek der PAyit 
(2. Anfl.), Bd. m., ^.iSOeiuq. 

t EHfAurgK Trans. J?. 8oe., n, p. 188, 1864. 
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The Moond Mk of obtenratioM wm dmgMi to give ihe file 
Ri which heat was beiiig ket at the auifaoe. 

For this pnipoee he employed another bar of the lame material, 
lod ezaetly eimilar to the fiat, except that ita length waa onlj 
20iiiohee. This bar he heated uniformly and placed to cod along- 
ride the other, which had now cooled, so that the dronmstanofa 
of the radiation might be the same. The rate at which heat was 
radiated by tiiis bar at different temperatures could be obtained, 
unce for any element dx it would be equal to 

J dv 

But the value of -^ corresponding to any definite tttuperature 

18 given by continued observations of the temperature at any point. 
Thus the quantity of heat lost per second by every part of the. 
larger bar in the first part of the experiment could be determined. 
Therefore K is given by the equation 




In this work Forbes employed graphical methods, ^ on the 

left-hand side of this equation being obtained from the cunre of 
(he temperature given by the observations on the long bar, and 
he integral on the right-hand side being obtained as the area of 
\ curve plotted from the temperature observatimis on the second 

Mff. 

By these means he found the value of the conductivity at different 
ections of the bar at different temperatures, and he showed that 
he conductivity of iron decreases with rise of temperature. Hia 
bservations have been repeated by different physicists, and they 
ccupy an important position among the methods for deteijnining 
be value of the conductivity of metals.* 

21. Oonductivitir Experiments upon Bars (continued). 

Variable Temperature. Angstrom's MettukLf 
In the preceding article we have shown how the Steady Tempera- 
ire of a long metal rod of small cross-section may be employed 

* Gf. Poynting and Thomwii, Jo«! d^, p. SS; Winkelmium, loc eil., p. ,404. 
t Ann. PhyHk, Leipzig, 114, p. 518. ISSl ; ISS, p. 628, 1864. 
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in obtaining the oondnotiyity of the aubstanoe. The vamlil 
tempezatore has also been used/ in the case in which one end of d 
bar is subjected to periodic variations of tempeiatuxei which osm 
heat wavJBs to travel down the bar. The conductivity is calculate 
from the march of these waves. Angstrom was tiie first to empb 
this method, and his work is of exceptional interest both from tl 
neatness of the mathematical discussion and the novelty of l 
experimental method. Hagstrdm * later discussed the same p> 
blem, assuming that the conductivity and emissivity vary with ti 
temperature; Neumann and Weber f extended the method to ti 
case of a short bar, both ends of which undergo periodic chang 
of temperature. 

Angstrom employed long bars of small cross-section. The ei 
Xi=0 was subjected to periodic changes of temperature, beii 
alternately heated by a current of steam and cooled by a cuii« 
of cold water for equal intervals. When this has gone on for soe 
time, the temperature in the bar will ultimately settle down to 
periodic state, independent of the initial distribution. It is tl 
periodic state which Angstrom investigates and upon which I 
results depend. The bar is allowed to radiate into a medium 
a constant temperature, taken as the sero of the experiment, 
before, it is supposed of such small cross-section that the temperati 
over the section may be taken as that at the centre, and of an 
length that the temperature at the further end remains unafieot 
by the alterations at x^O, so that in the mathematical treatnu 
it is supposed unlimited in this direction. 

The equation for the temperature we have already obtained 
the form dv dh) 

The solution will be periodic with the same period T as tl 
of the temperature at a;=0, and it may thus be supposed bi 
up of terms Pcosn^e+ewnniirf, 

where «==2f 


^ HagrtiOm, SloMoim. Vft.'Ak. Qfvers., 4S, 1S91. 
tSeolSff. 


mntnTS and sbmi-infdiitb solid and rod 4S 

Th« quaatitiM P Mid Q will be fanotiooi of x whidi satiif 7 
d*P \p nm^ 

siooe theee teaulta follow frao equating the ooefficieata of timnmt 
and cmnm( to MTO in the tempeiatuie eqiuti<m. 

Thtuwehave (J^-a«)*P+i8*P=0, 

where a«=- and /8«--. 

Theiefoie P»^«-»i.»ooB(y„'»-e)+^V»»coe(y,'af-e'), 
where 

and il, il', ff, i are arbitrary coiiBtants. 

Since P vaniahes when x»qo » it follows that il'»0» and onx . 
equation becomes p»4«-Vooa(y,'x-e), 
fiom which we obtain 

Q»ile-Vsin(jf/»-e). 

Thus the term * Pcofimd+QmLruoi 

becomes Ae'Vco^{fud^g^'x+€), 

and v^A^9^+Aier9i^cos{ait-gi'x+€i) 

+A/r9^ cos (%d-gtX+€^, 

with the same notation as above. 

It is clear that g^=zy/(\/K) 

and that the mean temperature is given by 
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In AiigptEom*8 ezperiments the heating and cooling efEecU im 
canied oat for intervals of 12 minutes each. The period of tl 
cMcillations of the temperatuze in the rod was thus 24 minute 
The temperature at a fixed point was then taken after the hf 
<rf a considerable time from the beginning of the experiment,! 
intervals of 1 minute, and in this way the temperature curve i 
that point obtained. This curve should be periodic and of tl 
same period. 

By analysing this curve we may obtain the coefficients in I 
expression for the temperature, written in the form, 

B^+Bx cos {<d+fij)+B^ cos (2arf+i8,)+... . 

Similar observations for another point give the coefficients in t 
expression 

C.+Ci cos («t+yO+C,cos(2«e+yJ+ ... 

for the temperature there. 

C(»nparing these with the expression for i;, namely, 

we see that Jl^^lflZ^^e^iCx.-.,) . 

and that fix — yi =*^i'(«t "~^i)« 

If the distance between the points be I, we obtain from ^ 
formula 

9n9n =;^» 


Therefore ir= 


''T(Pi-yi){logB,''logC,y 


The conductivity is thus determined independently of the emi 
vity. By altering tiie nature of the surface of the bar so ths 
changes, the values obtained for k should not vary. Angsti 
made such changes, and his results confirmed the values gi 
by his earlier experiments. 

When K ia known, X can be found at once. 
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tt. OonlMttfHf BipnliiMiiti upon Bin {eonHnued). 
Taiiable Ttaiptntim. 

In the matiiematical problem, where the leiiu-mfiiiite fod is 
initiaUj at sero temperature and the end x sO le kept at temperature 
unity, the tempeteture at time t is given by 

«1--^]^ e'^d(. (Cf.|18,Bx,l.) 

It might appear that this solution would afford a means of deter- 
mining Kf since from the observed temperature at any point X| at 
the time t^ the table of values of the funetion 


^^'^'v^y^^ 


would give the value of ^/2V(^t,), 

and thus k would be known. The difficulty in using this method 
depends upon the fact that the end of the bar, in this case «>M>/ 
18 generally heated by a current of water at the given constant tentk- 
perature. Now experiment has shown that it is not true that the 
end of the bar inmiediately attains the temperature of the fluid ; 
and thus the mathematical statement of the conditions of the 
experiment can only be accepted as an approximation.. However 
it has been shown to be a fair approximation, and is still accepted 
as a means of determining the thermal constants.* 

Eirchhoff and Hanseniann,f who first discussed this case, made 
the assumption that the temperature at x=0 would be given by 
C+0((), where C was a constant and ^(0 a function of the time 
which was to be taken indefinitely small. The value of C was 
to be determined by temperature observations in the inmiediate 
neighbourhood of the heated end, and was not assumed to be equal 
to the temperature of the fluid by means of which the heat was 
supplied. 

Another method of treating the same problem has been developed, 
and a series of experiments devised and carried out in the Berlin 
Physikalische Institut has proved its power. The assumption of 

* a Ann. PhyMk, Leipzig (N.F.), SS, p. 207, 1808. 

t G(. Ann. Phynk, Leipzig (N.F.), 9, p. 1, 1880 ; (N.F.), IS, p. 406» 1881. 
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a Budden ohaiige at x»0 to the tempeKatuze of tiie hea 
is avcnded by considermg the alteration of the tempen 
the time at two points x^ and x^in the bar. It is she 
solution of the equation of conduction may be obtained 
give the observed temperatures at these two points. Tl 
is then available for the evaluation of the conductivity, 
oonditions at the end x^O are only used to obtain a suite 
matical form for the solution. Two distinct lines of tre 
followed. In one the approximate solution is derived 
condition that at x=4), t;=l ; and then this solution is 
.make it suit the observed temperatures. In the second % 

mate solution Ib derived from the condition that at a?=f( 

' This is takcm to represent the facts of the case when th 
is heated, not by the flow of water, but by radiation f i 
of platinum kept at white heat and supposed to con 
end of the bar a constant supply of heat. For the deta 
methods we must refer to the papers noted below. '^ 

28. 8emi-Inflnite Solid. Initial Temperature Zero. 
Temperature ^(t). 

We have seen in f 9 that, when the surface tempera 
with the time, the solution may be deduced, by DuhameV 
from the case in which this temperature is constant. 

Now, in the Semi-Infinite Solid, where i; has to satisfy 






a«« 




•■«= 

=0 whea <=0, 

and 


/ 

»= 

-1 at x=<^, 

the solution is 

given 

by 




2 f'/«^W -, . 

, Ann. Physik, Uiptig (4. F.^ t, p. 48» 1900; Oiebe, 
1908; Vrnk D. pkynh. Om., p. 60, 1903rHoba6n and DicMelhoi 
Iflftong,** «M. d. maik Wisi.. Bd. V., TL I., pp. 224-227, 1009. 
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Thewfore.!! ae"^S«^ 

vaO for l«K). 

g||d» Vn^(0 at XaO» 

the sofaition is giveii by 

t>«j*^(X)~^(a?.<-\)dX,* 

In this case 


2V(«(<-X)>J 
Therefore the aolation of our problem k 




2V{irif)Jo^V/ (e-xi* 



(e-x)* 

a? 
2V(^(<-X))"'''' 

we have ^""^"^C"! 

and «-- T-f *0-A)«''^^M. v.. 

In ihiB form it is clear that our Bolution satisfies the diffenoijikl \j 
equation and the initial and boundary conditions. \ ^"^ 

ei Semi-Inflnita Solid. Sorfaoe Temperatore a Harmonlo Vtani^ 
'tfonoffheTime. 

If the surface temperature in the Semi-Infinite Solid boimded 
by the plane x^O is given by v^A cos(a)<— f), and the initial ! 
temperature is an arbitrary function v=f{x), we may solve the 
problem by putting v=^u+w, where 
du dht 

ttssO initially » 
and tisilco8(i0^--f) at xbO; 

•a I Mil. 
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w^f{x) imHslly, and vaaQatxnO. / 
The value of ti we have found in f 23 to be 

Bat it u known "^ that 


€-^ofm^dx and »=/ e-^^ringjicte. 




3;"-f«-''5*»^*' 


V2r«"S5^«na*da? 




.1 ^^jTe-^-mg^c 

Tho. g.2r. ^ 

SimiUrljr H eui be shown that j^=s -Sti, 

Thofvfora m+***^^» 

Mid' iis<'~*(ilo(Mift+i?8ma)+e«U'oot«-|-J3'iinft). 

Now \%\<r€'^dx<ijw tor every real a, 

ThenToro il' and B' most vanish. 

Thus ttse-«(iloo«a+i?sina) 

and vs^'^Cilsina-Boota). 

Bat when a=0, tt=:l\/irand vsO^ 

. Therefore A^\Jw and B^O. 

Thot we have shown that 

jre-«*oos^ite=J,^w«'*oosa 

Jf «"**8in^dr = 1 ,jW"*sln ft. 

The integrals n and v are oontinuous f unotions of «, and the differe 
tbo above argoment are justifiable. (Cf. F.S.^ H 84, 80. ) 
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ThmSum whsnl iiao great that we oaa leplaoe the integnk of 
(1) by thoee of (2), u is given by the eqnatioii 

■ .-^v(a-«.(^_^^)._.). 

Further, we know from f 18 that 


irJo J 


f{x') sin a2r sin oa^s'^^Ai, 


snd; as t increases, this expression gets smaller and smaller. Thiia 
when a suffioient time has passed to allow the distribution of tenw 
peratnre to become purely periodic^ and the influence ci the initial 
distribution has passed away, the temperature is given by 

• »=4s"^(£)'cos(«l-^(g)»-t). 

TUt result might hsTs been obtsined directly, ss in ths disenssion of 
Angstrom's metho«L If wa sssuma tbat suffioient time has psssed to allow 
the temperstuie throughout the solid to become periodic, it must be given 
by terms of the type Pcosw<+Qsin w<, 

where P snd Q are functions of x only. 

Then, substituting v»Poos(iif -f^sindif 

in tHe equation ^»ic^, 

we' have, on equating the coefficients of cos oif snd sin «tfl, 

P^t ta/ic^fi\ 

sndwehsve ^+M*P=0, 

whiohgiw PsIil'e-#*/v^oos(^/^/2+O+itV»V«oos0l»/^+€^, . 
where A\ A\ €\ and c' sie arbitrary ooiistsnto to be determined by the 
initial and boundaiy conditions*. 

But when «->oo , P must not be infinite. 

Therefore A^mO^ 

•nd; P-il'e-M«/%/2cos0i»/^+€^ 

.Alodnce «-^.^^ 

it folbws that Q «il'€-^/v:« sin (fur/V2 +fO. 

C.O.H. II 
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n« eondltiaM •* c-0 ihow «Im« 

A'mA, 

....V(£)-co.(«i-V^>..) 

yjhm, the snxfaoe temperatnxe is a periodic fonotioii of the tin 
^(1), of period 2t/i0, we can obtain tiie solution by using theFouxiof 
Series for ^(1): 

^(e)»^+(aiOoei*l+(iBin«il)+(atCoei*l+6t8in«rf)+... 

«il9+il| cos (|0< —Cj) +^g cos (2<0< —€t) +M. V 

With this valne of ^(t) we have, from the above discussion, 

2S. flemipblliiito Solid. Budiation at the SoilaM into • Maifai 
atZero Ttompoaton. initial Ttompantnra Oonstani* 

WIwii the initial tempeiatoie is constant and equal to'v«, tii 
oqnatioos for V an as follows : 

dv 9H> 

«a«, when (=0, 
--^+*t»a«0 when a?"»0. 

Then we have a^^S** 

> ^»t^9 when tnO| 

^sQ when ap»Q. > 
Theiefoie, fiom 1 18* 

and H will be noticed that, when ir->oo , ^(x, <) has the limit ^^ 
^TlM €Me ollnitkl t«iiipmilme/(:r) Itimtad in | SS. 
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To detormme t^ we hftve the eqimtioii 

on mtegiftting thii eqnatioii in the nsaal waj. * 
Therefore f>«Oe**+»] ^(»+i|iO^*'*ft 

on puttuig (^x+ti* 

But as aJ->« , ^(», ^ *k« Bmit t^^i ^^ ^ ^ na««k be finite it 
follows that muit be zero. 

Hence the solution of our problem is given by 

Therefore 

V^Jo V(^«fO Jo 

In' the second integral put 

Then 

Therefore ' 

where, u in $18, ej(»)=4^ ('«-"•<'«.* 

* a Kinhhoff. (oe. e{(. . Bd. IV.. pp. 2S^27 : Bouiriiii>«l, TMorJ. •w^ni. * 
I* elMMtr, T. H., H 1M-W7, Pwta, 1«» { Weber-Wemwrn, to. cA. Bd. IL, $ S8. 
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Pat jtnO, and we have 

^-e*^{l-e(AV(cO)} 




We piooeed to find tiie eurfaoe temperatuie after a conBideraUfl 
time has passed aince cooling b^an. 

It can easQy be proved, by repeated integration by parts, that 

This series does not converge, since the ratio of the vl^ term to 
t&e (n— l)'^ does not remain less than unity, as n increases. How- 
ever, if we take n terms of the series — the remainder — ^namely, 

1.8...2n-irc-^, 
is less than the n^^ term, since 


r ^ da? ^ f * (fa 


We can thus stop at any term, and take the sum of the terms. 
up to this term as an approximation for the function, the error being 
leas in absolute value than the last term we have retained. 

If in this way we take 

* Vir 12* \h^/(Kt) 2(V(*0r/ 
__«5./'_l_ ^_.\ 

and ehooae t ao great that 

wheie c is any positive quantity taken as small as we please, the 
enorintaking ^ 

for the temperature at the surface will be less ^ value^than t. 
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M. Sami-blliiiti 80IUL WiriHi itf tm at tfia SutaM into a MMtaun 
itVBiiip0cttaral(t), Initial TampMatim Zaio. 
In this pioblem the temperature t; has to satisfy 

dv dh> 

- J+*v=:*/(0 at »=0, 
t>=0 when i«=0. 
Proceeding as in the last article, put 

Idv 

Then we have the following equations to determine ^ : 

, ^=/(t) at aj=0, 
^=0 when i=0. 

These equations have already been discussed in {23, and we 
have seen that 

^ V*J*/tv/(«0 V *f A« -^ 
Hence, aa in § 26, 

2* 
VxJ 




27. Terrestrial Temperature. 

Observations of the temperature at points near the surface of the 
earth have been carried out at a large nimiber of meteorological 
stations in different parts of the world for many years. These 
results have established the existence of two distinct phenomena 
of terrestrial temperature. 

The first is that the variations of the surface temperature from 
the heat by day to the cold by night do not afiect the tempera- 
tures of points at a depth of more than 3-4 feet, while the 
yearly changes from the cold of winter to the heat of sunmier 
may be observed up to a depth of 60-70 feet. Below that depth 
the temperature remains practically constant from day to day 
and is not subject to alterations due to the changes at the 
surface. In other words, the heat waves due to the changes of 
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tiie temperatuxe at the sux&ce die away befoie they penetnti 
to m depth of moie than 60-70 feet, and the heat which is thus tiaiii- 
f ened to the earth oedUates in the upper cruBt, iwd while it proeeedi 
inwaids at certain seaeons of the year, at others it ascends and 
ladiatea into space at the surface. 

However, after we pass the limit at which the temperature ii 
aflEected by these surface changes, and reach the depths at whiek 
it remains constant from day to day and year to year, there k 
a marked increase in the temperature as we descend. The tem- 
peratures observed at a great number of points at considerable depti 
and at many different stations leave no doubt upon this phenomenon. 
It has been observed near the equator as well as in the temperate 
xone, and although the rate of increase varies with different placa 
and is much greater in the neighbourhood of active volcanoes or 
thermal springs, it may roughly be taken as about 1^ F. for eveij 
50 feet of descent at depths up to about one mile.* This rise ^ 
temperature was ascribed, both by Fourier and Laplace, to tbe 
high initial temperature of the earth, this supply of heat being 
gradually diffused outwards, and still to a great extent preserved 
at the centre of the earth. Such an assui^ption does not require 
that the rate of increase of temperature should be uniform u 
' we continue to descend, and other physical phenomeiia show 
that the interior of the earth cannot be a mass of molten 
rock. 

The periodic changes in the temperature near the! surface have 
been used by ¥nriters from Fourier and Poisson onwards in tbe 
determination of the conductivity of the Earth, these determinations 
becoming of increasing value in recent years owing to the growth 
in the number of stations at which thermometric observations have 
been made. 

Since these daily and annual variations of surface temperature 
are noticeable only at points comparatively near the Earth's surface, 
the problem may be simplified by neglecting the curvature of the 
Earth and supposing the surface to be the plane x^O, which is 
subjected tp a periodic change of temperature. This problem htf 


* Some auiluNritiea now regard the average as more nearly l** F. for every 00 feet 
of dceoent, or even 1*F. for every 70 feet. Cf. Hollas, The Age qfthe Earth ad 
9ik€r Oeohgieal Shtdiu, 1905. 
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been diMoased in § 24,* and tike tempeiatun at the depth » below 
the rarfeoe was ioand to be 

+^ge-Ve)- coe (2««-^(?)«-.,)+ ... , 
when the sttifaoe temperatuie 18 

It is true that the temperature at the surface of the Earth depends 
not only upon the time, but upon the position of the place of observa- 
tion, and that the constants A^ At, ... will be functions of the posi- 
tion of these points ; but, if a comparatiyely small portion of the 
surface is considered, tbe temperature over this may still be supposed 
dependent only on the time, and the general principles under which 
the periodicsil surface changes are transmitted into tbe interior and 
there die away will be fully illustrated by tbe solution in this form. 

Thus the theory. shows that each partial wave is propagated 
with unaltered period inwards ; that tbe amplitudes of the waves 
of shorter period diminish more rapidly than those . of greater 
period ; and that they also have a more rapid alteration of phase : 
while, on the other hand, the velocity of their propagation is smaller 
m the ratio of the square roots of the periodic times. . It follows 
that the periodical variation takes a simpler form as we descend, 
where the partial waves of smaller period become more rapidly 
negligible, so that after a certain depth the prmcipal wave with 
the largest period and greatest amplitude will alone be found : 
while at a still greater depth this will also have become negligible 
and the temperature will have become constant. The depth at 
which the amplitude of the yearly variation is e.g. 0*1 will be about 
19 times greater than that at which the corresponding amplitude 
for the daily variation will occur, since 


^Vtr)==^'VtF) 


gives the ratio of the depths and r'=365r. This resiilt, it will 
be seen, agrees with the temperature observations which have 
shown that while the daily variation is n.ot noticeable after a depth 

* See alio BouBsinefq, loe. eit., T. I., pp. 210-228 ; and papen in BuL «et. wuOh,, 
ParU (Ser. 2), 8B» 1916. 
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<tf S <« 4 feet, the.ftnnual variatioii may be traced to a depth i\ 
80 <« 70 leet. I 

These featuzes of the pzoblem were all noticed by Fourier ant I 
Poheon, to whom this discuseioii is due. . The simplest appUcatid 
of the solution to the determination of the Conductivity of the Earfi i 
at different places on its surface will be found in Kelvin's paper (A 
'*The Reduction of Observations of Underground Temperature.'* t 
The substance of the Earth istaken to be a homogeneous mass d 
such rock as we have on the surface at the place of observation, and 
the values obtained for the' conductivity are to a very considerable i 
extent affected by the nature of the soil or rock in which the the^ | 
mometers are imbedded. The data are the temperature observatioiu i 
at places on the same vertical and at different depths, these observa. 
tions extending over a considerable number of years. In Kelvin's 
memoir, Forbes' Edinburgh Observations for a period of 18 yean 
were employed. 

These observations allow the mean temperature curve for % 
year to be drawn, aod its harmonic components to be obtained, 
In this way we find for the depths at Xi and X|, the temperatures 
«i and v^ in the form, 

v^^A.'+Ai' cos(-^ <-ei')+4,' C08(*^ <- c/)+... , 

t;,«.l/+^'cos(^<-:.e/)+4,''cos(^i-..-')+... . 
But according to the solution of §24, we have 


+A,--/&):-«.(*^;-^(%),-..) 


Therefofe we should have t 




e/ 


•MMwgK Trmu. J?. <8oe., SH, p. 405, ISdl. 
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The iwults of the oalouUtions of the mean temperature enrvai 
at different depths give values for A^^ if/» •••., whkh vary only 
to a very slight extent. These agree with the theoretical result 
that the mean temperature due to the surface changes should not 
viiy as we descend. 

The first harmonic term, or the annual variation, is the latgesi, 
and observations based upon it will therefore be most trustworthy. 
Kelvin found that there was ahnost complete agreement between 
the values of \QgA{^\ogA{ 

and ^^-. 

the two expressions which should each be equal to V(ir/«), the 
unit of time being the year. 

From these results the value of /c, or Klcp^ was obtained for the 
material at the place of observation. 

OalouUtions were *lio made of the aeooud hannonio amplitude and epooh. 
In thia case the different temperature curvea lor the different yean gawi funda- 
mental differenoea in the ooefiicienta for the aemi-aimiial period. Theae 
diacrepanoiea And othera in the oaae of the higher harmonica axe not to be 
wondered at, aa the actual atate of Affaire ia not the ideal one which haa been 
poetulated with regard to the periodical variation of the temperature and 
the material of the Earth. 

28. The Age of the Earttu 

We have seen in § 27 that after the limits at which the temperature 
18 affected by the surface changes are passed, a marked ineresae 
18 observed as the depthincreases, and that this temperature gradient 
has been taken, in ordinary circumstances, as about T F, for every 
60 feet of descent, up to a depth of about one mile. That this 
gradient might be used to obtain a rough estimate of the time that 
has elapsed since the Earth began to cool from its molten state, 
was remarked by Fourier himself.* 

In the problem, as simplified by him for mathematical treatment, 


* ** Eztrait d*un M6moiro aur le ref roidiuement a^ulaire du globe temeire," 
BvXL dta iciences par la SocUU phiUmathique de Paris, 1820. Abo iEuvm di 
Courier, T.II. (of. p. 284). 
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tiie oarvataxe o( the BarUi 10 neglected and the oonduotiyity d) 
eappoaed omistant. The enilaoe is taken as the plane a?»0, ud 
radiation takes place into a medi1^n at temperatuie leio; tin 
temperature wl^en cooling began—taken as the time <a(Mi 
oonatant and equal to t^o* He obtained the result given in §26 
that for large values of t the temperature gradient near the sur&o^ 
IB approximately t?J\/(irirt). 

Kelvin* took the simpler problem of the semi-infinite solid 
bounded by x^O, the boundary being kept at sero temperature, the 
initial temperature being constant and equal to v^ We have aeon 
in S 18 that the temperature at the depth x at the time i is given by 

TT dv v^ ^^ 

Hence az=^ // ^\ ^ ***• 

ox v(irict) 

When X is small and t is large, this becomes approximately 

as in Fourier's problem. 

With the value of k used in Kelvin's paper (cf .Joe. cU,, § 15>- 
namely 400— -the units of length and time being the foot and yesTif 
wehave dv v^ 1 .-£. 

Taking 9»7000^ F, as a suitable temperature for melting rock, 
and l»10^, we have ^ 1 m\ 

Thus at o^srOy the rate of increase of temperature is 1 in 50*6, 
and this temperature gradient will hold for about the first W feet. 
At a depth of 4txW feet, we obtain 

aaj"*60-6^' 
or about y^v of a degree per foot ; while at 8xl0>^ feet we have 

??- L 4 
ar"~60-6^' 

or about 7^ of a degree per foot. 

Since the temperature gradients are inversely proportional to 

• •• The Saeulw OooUiig ol the Eurth;* SdiubwgK TfWM. B. Soe., tS, p. 167, IMi 
fWiih aa.a vnito this value of c wiU be '0118. Cf. p. S. 
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the squAie looto of the timfls, if the gndint k A ** lO^jMn, it 
win be ^V <^^ ^ MDM depth at 4x10^ yun ; while gradie&te of 
), l,»iid 2 per foot ooneepond to 160,000, 40,000, and 10,000 yean 
ziepeottvely. We aie thniled to the lendt that, with the appioxi- 
mation which our atatement of the problem affords, for tiie last 
96,000,000 yean the rate of inorease of temperature undeignHmd 
has gradually diminished from about ^ of a degree Fahrenheit 
per foot to about ^, and that the time which has been required 
for the transition from a melting state to that in which tiie present 
gradient holds will be 10* years. The assumption of a higher initial 
temperature, lOyOOO"" F., an extremely high estimate, would increase 
the term required to 200,000,000 years. Even allowing for effects 
of higher temperature in altering the conductivities and spedfic 
heats of rocks, Kelvin held that this investigation justified the 
statement that the consolidation of the Earth, and the time from 
which cooling commenced, could not have taken place less than 
20 million of years ago, or we should now have a more rapid increase 
of temperature as we descend, nor could it have taken place more 
than 400 million years ago, or we should not have so much aa is 
required for the smallest value obtained at present from the tem- 
perature observations. 

This assumption of temperatures of from 7000^ F. to 10,000^ F. 
he recognised* to be a high estimate for the ^mperature of molten 
rock, but he adopted it, as he was nuMt anxious not to under-estimate 
the Age of the Earth, and his wish was to give the largest possible 
limits rather than the smallest. Later experiments upon the 
behaviour of rocks under high temperatures led him to believe that 
these temperatures are much higher than those required for a 
typical basalt of the primitive character, and that 1200^0. would 
be a fairer estimate. This change from TOOO"" F. to 1200* C. wouU 
reduce his estimate of 10^ years to a little less than 10', and he seems 
to have been somewhat of the opinion of Kingf that we have no 
warrant in this argument for extending the Earth's age beyond 
2i million of years, 

[The limits of the Age of the Earth given by Kelvin in 1864 
attracted much attention, for the geologists then, as now, demanded 

t Ci Nature, 69, p. 438, 1805 ; also PhU. Mag,, London (Ser. 5)»47. p. Se, ISOO. 
^ Amer. J, Set,, Newkavm, Conn., 46, 1893. 
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m much bnger period of time for the cooling horn the molten stitt, 
their argomente being based on the yicdble proqesees and eieeb 
of stratification. Since Kelvin's pronouncement much discuBsioi 
has taken place between the physicists on the one lumd, with Uk 
estimates based on the temperature gradient as only one of thk 
methods of attacking the problem, and the geologists on the other* 
And as Kelvin continued to attach much weight to the estimates 
from the observed temperature gradient, the simple mathematbl 
problem treated above has become classical. However the dk* 
covery of radioactivity towards the beginning of the twentietli 
coitury has not only afforded new methods of attacking the probteai 
of the Age of the Earth ; it may be said to have definitely closed the 
controversy as to the reliability or otherwise of the results obtained 
by Kelvin's and other allied methods.-f His paper ** On the Seculai 
Cooling of the Earth " has now only a historical interest. 

But it is somewhat surprising that physicists attached so mud 
importance to conclusions where the assumptions made were so fat 
reaching and significant. There can be no doubt that the mathenu 
tical solution of the beat problems involved, based on hypotheses juil 
as credible, even before the discovery of radioactivity, would havi 
given results widely different from those which the geologists wen 
urged to accept as the only answer to the question at issue. { 

^CL Woodward (i) "The Ifathematioal Theories of the Earth/* Ameriui 
As9oeiaium for OU AdvaneemetU of Science {Toronio), 1880; (ii)*'The Century 
ProgreM in AppUed Mathematics/* BuU, Amer. Math. 8oc., 6, p. 147. 1900. 

t 8m Rutherford's works, Badio- Activity (2nd Ed.). § 271, 1005, and Badioaein 
Smhdtmeee and ikeir JtadiatioM, §§ 258-260, 1913 ; also a little volume in Harpei* 
library of Living Thought, entitled TJie^M^j>fthe_j;firtfthy A, Holmes (1013; 
At the British Association Meeting in Edinburgh in liBl21 a discussion on ** Th 
Age of the Earth ** was opened by Lord Rayieigh, who, as R. J. Strutt, did nuN 
important work on the amount of radium in the earth's crust, and its intenu 
heat. The abstract of his address and the contributions by J. W. Gregory an 
Eddington to the discussion will be found in the British Aaaociation Beports (Edit 
bofgh), 1021. Rayleigh's conclusion is that " radioactive methods of estimatio 
indicate a moderate multiple of 1,000 million years as the possible and probabl 
duration of the earth's crust as suitable for the habitation of living beings, sd 
that no other considerations from the side of physics or astronomy afford sd 
definite presumption against this estimate." HIa address in full appears in Natw 
Ko. 2713, October 27th, 1021. 

X There is an interesting series of papers by Perry in Nature, 61, 1805, the sii 
of which was to show that other possible internal conditions would give enormoitfl 
greater ages than physicists had been inclined to allow. This was before U 
radioactive properties of minerals entered into the discussion. Heaviside all 
made important contributions to the discussion. (Gf. Electromagmiie Theor, 
VoL U, Ch. v., entitled, Mathemaiics and the Age of the Earth, 1800. To some < 
these questions we shaU return in Chapter XL (Of. §§^» 100.) 


' CHAPTER IV 

; LINEAR FLOW OF HEAT. SOLID BOUNDED BY 
TWO PARALLEL PLANES. FINITE ROD 

inooiioiovj* 

e last chapter we have examined the different oaeea of 
Blow of Heat when the aoUd 10 bounded hj the plane jp»0 
inboundiMl in the directbn of x positive, and we have peea 
B problems of the Semi-Infinite Rod are reduced to the 
ion of the same fundamental differential equatioin. In this 
we shall examine the correqK>nding problems when tiie 
[ X is limited to the interval 0^x=l, and we shall also see 
3 mathematical discussion of these problems may be used 
evaluation of the Conductivity and Emissivity. In the 
1 work of the laboratory it is always possible to have the 
io great a length that, when they are heated at one end only » 
er end remains unaffected by the change of temperature 
the application of the source of heat, and the rod may be 
in the mathematical statement of the problem as unlimited 
direction. Yet some of the most trustworthy methods of 
ig the conductivity are founded upon the mathematical 
m of the flow of heat in a bar of short length, both ends 
ibjected to definite conditions of temperature. 

inite Rod. Ends at Zero Temperature. Initial Ttoipei»- 

:)• No Radiation at the Surface. 

be origin be taken at one end of the rod, and let the lengtb 

[)d be i. 

the problem is reduced to the solution of the equations 

g=.g. (o<x<o'........ (1) 

t;=0, when xsO and «»2, (2) 

t;=/(aj), when r=0 (S) 

61 
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11 tiie initial distribation wexe 

A . flir 

H 18 dear that v^A^mi^xe'''^' 

wooU aatiafy all the oonditionB of the problem. 

Let us sappoae that the initial temperatuxei /(a?)i is a boundtl 
function aatiafying Diriohlet's Conditions {F.8., { 93) in the intemi 

(0,0. ^ 
Consider tiie function t; defined by the infinite series 

a^sm-j xe "^^r^t m.(4| 


■? 


where an^j[ f{x')mn^x'dx\ 

This series, owing to the presence of the convergency facto 

e" It ,18 uniformly convergent for any interval of x, when e>0; 
and, regarded as a fonotion of t, it is uniformly convergent wlm 
l^^t > 0, <| bdng any positive number. (Cf« § 12.) 

Thus the function v^ defined by the series (4), is a continuov 
function of x, and a continuous function of t, in these intervals.* 

It is easy to show that the series obtained by term by tern 
differentiation of (4) with respect to x and t are also unifomlf 
Convergent in these intervals of x and t respectively. Thus thej 
are equal to the differential coefficients of the function t;. 

Hence a£~""^*^"P"^*"^T* 

and if^«-V/r-||-a„sin-j-aJ6 « 12 *, 


wlienie>0, andO<as<I. 
Thus tiie equation 'Si^'^Bx^ 

is satisfied at all points of the rod, when i>0, by the functioi 
defined by (4). 

We have now to see whether this function also satisfies tlii 
Boundary and Initial Conditions. 


^ BcgAided St a iunotioD of the two TuUblet ir, l» it is a oontinnoiii fnnotioB i 
(«,l)intliAieBioiuiO<«<l,l^<,>0. (Gt 1*.^., {87.) 
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gjpoe the nmm u unifpnnlj oonTtigeiit witii raipaot to 9 in ibe 

interval O^x^l, whoi t>0, it repraants a ooatumaiis functioii 

of j0 in this interval 

Thm 

Lt t'-'the value of the iom of the aeiiei when x«>0 

and Lt t^«"the valoe of the sum of the aeries when x*^l 

Hence the Baundofy CondiHant are satisfied. 

With regard to the IniUal CmdUiant, we may again use the 
extension of Abel's Theorem contained in F.B., § 73 1. 

We have assumed that f{x) is bounded and satisfies Diiichlet's 
Conditions in (0, 1). 

Therefore the Sine Series for /(x), 

• tx . • 2tx . 
a|Sin--T-+a|am-^i — h... , 

converges, and its sum is f{x) at every point between and I where 
f{x) is continuous, and \lf(x+0)+f{x—0)) at all other pcnnts.* 
(ClF.8.,i98.) 

It follows from the extension of Abel's Theorem referred to above 
that when v is defined by (4), we have 

Lt«= Lt S«»Mtt-r««""""^*' 

s/(x) at a point of continuity 
=J{/(«+0)+/(«-0)} at all other points. 

Thus we have shown that if the initial temperature aatiafies 
Diiichlet's Conditions, and is continuous from xsO to xs»l^ while 
/(0)»/(I)»0, the function defined by (4) t satisfies all the conditions 
of the problem. 

If the initial temperature has discontinuities, the function defined 
by (4) at these points tends to J{/(a?+0)+/(«— 0)} as ^-►O. If t 


*lt/{x)h bounded and satisfies Diriohlet's Ck>nditions, it follows from F,8. 
193 that it oan only have ordinary discontinuities. 
t This can be written as 

iinoe the series under the integral is uniformly conyeigcnt. (F.B., { 70.) 
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18 taken small enough, t; will bridge the gap fiom /(x— 0) % 
/(x+0), and the temperatuie oonre will pass cIom to the poiot 
i{/(»+0)+/(x-.0)}. 

It mnst be remembeted that the physical problem, as we hsYi 
stated it for disoontinuitjr, either at the ends of the rod or in the 
rod itself, is an ideal one. In nature there cannot be a discontmmtj 
in the temperature in the rod initially. In the physical problen 
we must assume that a sudden change of temperature takes place 
at the instant from which our observations are measured, in the 
immediate neighbourhood of the point of discontinuity or the ends, 
if they are points of discontinuity. The gap in the temperatuie 
is thus smoothed over. The solution of the mathematical problem 
we have obtained satisfies these conditions, and it may be taken as 
representing the physical problem in this modified aspect. • 

SL 8<»ne farther remarks mav be made as to the Lt v, and the way is 

which the fnnotion v{x, i) defined by (4) satisfies the Initial Conditions. 

L We know that the Sine Series for /(a;), under the conditions stated in thi 
pteyioiiB section, is uniformly convergent in an interval (a, /j), itf{x) is oon 
tiniKMiiB in that interval and at ita ends. (F.^Sf., {107.) 

* ItloUowsfrom J'.i9.,|73, 1., that t)(x,^) converges uniformly to/(3;)as !-♦( 
in that interval In othet words, given the arbitrary positive number c, Uwn 
odsts a positive number r such that 

|»(x,«) -/(x)| < c, when0<«<T, 
the same r serving for all points in (a, fi). 
. Let a^ be a point within (a« ft). 

• Then there is a positive number i| such that 

l/W -/(*t)l < €• when \x - x.\ < tf. 
Tdce the rectangle in the (x, I) plane given by 

wliere o<i-,-i|<«^+i|<j8. 

Let (jr,l) be any point of this rectangle. 
Then tF(x,0 -/(x.)={i;(x,«) -/(x)) +{/(x) -/(x.)). 

Thewioie \v(x, I) -/(x.)| < \v(x. i) - /(x)| + |/(x) ^f{x.)\ 

< € + € 

< 2c, when 0<l^r. 

Tfans v(«;l) tends to /(x,), when the pohit (x,l) moves along any path 
tJbisreetani^ towards (xt,0). 

On the other hand, if x. is a point in 0< x< ) at which /(a^^O) « 
/(x^-0) exist, and are different from /(«^), all that can be said is that v(»i 
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tMidf to ilASf 'f 0)-i-/(a^TO)) M 1^0, wlm the point (m^i) 
(h0 UiM »^x^ UnwudM tlio point (Sf*!). 

n. IntlioMgiiBicntof|80itiiMmmedtlMit/(a»)iiboiudad«idi 
Diiiolilot's Conditions in (0» I), ao tUt wo o«i npiooo it by the Sine SofiMu 
Bot oor ph jriod intdtion tdk ni thnt them moft be a Mlntion lor oar problen 
oomiponding to eny oonoeiTnUe initial diftribntion of tempemtoie in the 
ndf end, in pertionkr, lor eny dietxibntion idiich is oontinnoos. Howei?er 
a oontinnoos fnnotion need not satisfy DiiioUet's Conditions, and in laot it 
if known that there aze oontinnoos funotions whose Foniier's Series diTsrge 
ftt sn infinite nnmber of points of the gi^en interval* 

FeJ^r's Theorem( J.^., 1 101) and Biomwich's Theorem {F.S..ilZ,lL) famish 
the mathematioal demonstration that the series (4) is the solution of oar 
problem, when all that is sswimed as to the initial temperatare f{x) is that it 
is bounded and intograble in the intenral ^ « ;^ 2. f 

The proof does not differ mnoh from that given above. 

Sinoe f{x) is bounded and intograble and 


a»«J|'/(«')sin?y«'da/. 


it is olsar that a« < If for every positive integer ii» M being some positive 

nomber indepe nd ent of » and n, ' 

Also the series io^rin^S^Kse-''^^ 

and the vsrious series obtained by term by term differentiation with mgsid 
to « orl, converge uniformly through the region 0^«<l, ISl9>0^ wtei 
<, is sn arbitrary positive number. 

Thus the differential equation and the boundary oonditions aro satisfied, 
as before. 

Further, by FeJ6r's Theorem, the series of Arithmetio Means lor the Sine 
Series for /(x) oonverges to/(a;), if the function is continuous at that point 

Then, by Bromwioh*s Theorem, with the theorem given in F.8.9 f 73» V.» 

and «(«,!) approaches the limit f{x) uniformly as 1-^0, iriien « lies In an 
intenral in which f{x) is continuous. 

If 2r is an ordinary point of discontinuity of /(«)» f(x^ db 0) eiisting bat 
differing from f(x), Fej6r*s Theorem and Bromwich*s Theorem, show that 

Lt v(x, i) = J{/(« + 0) +/(« - 0)). 

The remarks in L as to the way in which v(«>i) tends to its limits Apply 
•ho to these cases. 


*Ct. FeJ6r, Ann. id. Mc norm., PtarU (SAr. 3), 88, p. 68, 1011. 
t Of. Koore, BuU. Amv. Matk. 80c, 86,fp. 260, 1010. 

P.O.B. s 
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n. Itadte Bod. Badlatioii at tha SniiMe. jbdf at ItaH 


Steadj TftmiHffatnrfti 

When tiie mixfaoa is not impervioni to heat and the tempentoi 
of the medium ia taken as wto, the equation for the temperatusi 

dv K9^ Hp 
at ep 3x' efH» 
with the notation of § 19. 

The observation of the Steady Temperature in snoh a bar, whq 
its ends are kept at constant temperatures F| and Fg, is ons «l 
Uie earliest methods of obtaining the relative values of the ooi 
dnctiyities of different solids. 
If we put fjf^HplKmt we have the equations 

v^Vx9 . when »«0, 
t>s=Ft, when x^l^ 
and oar sohition is given by 

whgn Yx^A +B ' * 

and V^^Aet^+Ber*^.^ 

FiSinhtt(I— a;)+Ftsinh^ 
Lei the tempentores be t^i, t;, and t;, at the points »i^x^ yi 

Then ^3LX^a2ooshi«a»2fi, sav. 


e^«n+V(n*-l), 

• xeenh mdependent of Vi and F.. For two bars of the itfi 
perimeter, cross section, and emissivity, it follows that 


7x iog(»h+v(V-i))' 


•or. IMt •IwPrMm, he. ett., ||S90-8»9. 
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tl Unite Sod. iBli at Itand 1Imbvmi«hh. Iniliil 
unteNKs). Vo Si4teita at 4te tnlM^ 
In this oMd we have the eqoetione 

S-«S!. «><*<') 

t^ssf^ii whea x^lf 

and ^^f{^)t wlm <»0. 

As in S 9, we reduce this to a case of steady tempeiatim. and 
s esse where the ends afe kept at sezo temperatme. 

Pttt t>»tt+W, 

where u and w satisfy the following equations : 
2*1=^' (0<a;<Z) 

ti»t;i, whenxsO, 
ii»% when a?«sl, 

«* f-^Ss- <<><*<'> 

i9»0| when ap»0 and a?al» 
ip«/(»)— ti, whenl»0. 
We find at oQce that u^Vi+(v^-^v^xlli 
sad it follows from 1 30 that 


w^^a^nm^ 


xe'^-i^ 


.^'i 


whan 


a.'-f £ [/(»')-(«i+(«'.-t^)*')]'^ T *'*^- 
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Wbm ndiation toko plaoe «t the autfttoe, the e^uKtiom 

and «»/[;p), vben 1-0^ 

. m Mlved bj tabttituting v^e'^u^ 

and then aring Uie.remilto of tbis and tbe noxt ■eetion. 

SI Unite Bod. Bndi at Temptratarai ^(t) and ^(t). IbmA 
TIniipenitim f (x). Ho Badlatfam at tho Snrlaoa. 
In ibis case we have the equations 

i-g. (»<»<') 

v^4^(t)^ when aj«0, 
v»^(0, when 9»It 
and v^'/C^)* when l»0. / 

Following the geneial method given at the dose of { 9, pat 

ii>iO| when. a;>iO and ««i|, 
ii>B/(a;)t when I>bO, , 

i0«i^(<), when a^a^Oy 
fi^«»^t(0> when 9a2» 
y»P,.vhen<»0, 
Hm irafao of n follows ficom § 30, and is given bj 

tt-*Ss-'^'8in^ajJy(a^)8in^ 

To obtain w we may nse Duhamel's Theorem (|9)» where Ai 
solntioii for the sozfaoe temperatures <^(i) and (^(1) is derived fno 
that lof the sozfaoe temperatures i^i and v^ 
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In this o«M the temp^tnm at time t, whm the tempemton 
tlixmigh the rod at l»X is sexo, and the ends aie kept at ^(X) and 
^X) fcom l«>X to t'^, is given by 

«'-*.w[i-f-|$i'-^»-''i«'?.] 

+*.(X)[?+|$i«-"-*'-»*'=F'} 

Hanoe, when the sorfMe tempentoiet tm ^{t) sod ^(1), we 
obtain 

«»-£ [#i(X)|^»(*. «-X)+^(X)|j',(», «-X)]iX, 

wheie Ji(».t-X)-l-f-|§ie-'^"-»»«n?y.. 

Thus 
jnieietoie, finally, 

Thb loluUoQ mfty ftlio be obteined by tha metlw)d uMd bj 8^^ 
PdtentlAl Pzobleins. 
If wo assume that v can be expanded in Fourier^a Sine Seriea, 


'2a«iin 2 <v, 


I 


id if a f unotlon of ( gtyen by 

vhm fi(9, 1) is the temperatoie at « at tbe time I. 
Thfiiit integrating by parts twice, 
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IMIijoar^ypotlHifa. ^(l)-«>(Qb<), 

i tina tha ooaOeiHii ol ito^ ai in tho «zi»iiak» of ^, viiioh > •gnil ti 
Tbeirfon yn have to detatmine a, from ths eqiutioa 


fjC 


^ 


+*^'«* -^t^W -( -D-WO]. 


Thctaion «• hftve 

whan Of^hm ooostoni yet to bo detenniiied. 
Biit,iiii1aaUy» »=/(«)• 

SS. Heomaim^ Bar HMihod ol obtainiiig the OontaettTitr aal 

In bis paper, Uber das WdrmdeUufigsvemuigen von Eisen utd 
NeiuQber;\ Weber desoribee a series of experiments which he con- 
dneted on a method suggested by Neumann in his lectures. The 
idea of this method is the same as in that of Angstr5m, but in ihii 
case both ends of the rod are subjected to periodical changes of 
temperature, so that the mathematical solution required is that of 
the preceding article. The end A of the rod AB is kept at tent* 
perature i^, while B is kept at temperature v^ for the intervil 
l»0 to l=T. Then A is kept at i;, and B at i;, from i^T to 
l=2T; and this is repeated indefinitely. When this series of 
smfaoe temperatures has gone on for a sufficient time, the dis- 
tribution of temperature in the bar approaches two limiting states, 
which continually repeat themselves, the one belonging to the even, 

« Cl MdlliMii, HtM. Maih., Cambridge, 10, p. 170. 1881. 
t Ann. Pk^k, Leiptig, 14S, p. 267, 1872. 
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an^ the other to the odd period. Both of these aie indepeiidaiii of 
thi AibitcAiy initial distribatkm of tempei»tiue» and this may be 
tikeQ as leio thxoug^umt the rod. 

In (f 83, 34 we have aeen that the temperatore at timo I in a 
rod of length I whose ends are kept at 0|(Q and ^1), while the initial 
tempeiature of the rod is lero, and radiation taJces plaoe into a 
medium at jeero temperature, is given hj 

when K^Kjcp and ^mHple/mt 

in Neanuum's Problem 

<ki{t)^Vi when 2fT<«<(2r+l)T, 

I *i(0-», when (2f+l)r<«(2r+2)r, 

•nd ^1(0-^ when 2rT<t<(2r+l)T, 

I *.(0-«r when (2f+l)r<«<(2r+2)r, 

r tmng xero or any poutive integer. 

Thus at the time t=2rT+f, (0<f<T) 

; »-^|; e-«^rf»(t»i-(-l)tgBin?^» 

whew J».=K-p-+.'. . 

Therefoie »=.^^2e-»-«-K-(-l)"»«)ri>»X* 

{-l+(H-(-l)-)(i=^+-^«**«} 

and in the limit, when t becomes very great, this ezpressioii for 
the value of v at the time I' in the even period becomes 
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Ini tlie odd period we obtaii^ in the sanie way, for the appi^ 
yafaie of t>, 

ThoB at the time t from the oommenoement of one of the eeoi 
periods,. 

+-p-(»i+«k)^-^;;;-8>n 1 » 

and at the time I from the oommenoement of one of the odd periods, 

wliflfe we have dropped the accent from f and simplified the sem 
13ieBe two ^qpresnons may be still further simplified, smce 

mnfa iio^-^sinh u (l—x) iw ^ n .^ 2nir ^ 
and 

Potting /u'sBv/ff, we have 

28inhMi . T^Vft. T^*''*'' "^y; 

amhAta!+ainhAt(l-a;) 2Ky^ 2n+l „_ (2»+l)y ir 

«!» !>»•'='« -p—+»' 

(2n+l)«y« . 
and Pu+i'^t- — fT — +"• 
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Thfiraf iMi for the mfm pmod, we hkvt 


and for the ocU period, 

** (2) 

We shall now show how from the equations (1) and (2) we ean 
obtain the values of H and K, 

Sinoe ir-Oat»-V wd F-g^^^,, 

and the other terms vanish, the temperature v^, at the middle 
point of the bar, remains constant and equal to 

2ooehiMl 
Therefore 7(^)=jlog(a+V(a*-l), ^.(5). 

where 2a=^^l^. 

% 

A simple way of obtaining another relation between the two 
unknown quantities is to take the difference of the temperatures 
at x^l/6 and x^2l/i at any instant. For these points the terms in 
which n is a multiple of 2 or 8 disappear from the series in the 
expression for the difference of the temperatures, and this series 
b so rapidly convergent that we may negleot'the term for fi»6 and 
those which follow. 

Thus, with this approximation, the difference of the temperatures 
at these two points at the time t after the beginning of one of the 
periods takes the form 

where p«^*I*+^, 

and If , i\r do not vary with < during the interval. 

Let the differences of the temperatures at these points at the 
tini« ^1 <•• <i+/8, w^d ^+/8 be rfi, d,, rfi', and d,'. 

Then d^-d, »2y(e-i^-e-^0. 
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Therefore ^M^i^Z^, 

«* ('^+0^-k)g(^-^-logW-d,'). .....(4) 

These two equatioiis (3) and (4) axe euffioient to detenaine K and ff . 

Sd liiitte Bod. Radiation at Ends into a Medimn at Zm 
■unpeiatoxe. Initial Temperataxe t(x). Ho Radiation at fin 


In this case the equations for the temperatare are 

|»«g. (0<»<i)..... 0) 

-^+*w«0 at ir=0, ..., ...(2) 

g+*t;«0 at »=l, ...........:;............(3) 

and «=/(»), when <=0. (4) 

The expiessicHi r-'^^il cos ax+£ sin ao;) 
satisfies (1). 

It also satisfies (2) and (3)» provided that 
-aB+*il=0, 
and a{B coe al-^A sin a{)+A(£ sin al+A Cos a{)»0. 

From these we obtain — =t 

ah 

•nd . tanal==^jj~3jjj (6) 

Hence the expressbn 

A fees aap+' sin a»)e-"** 

satisfies (l)y (2)y and (3), where il is an arbitrary constant and a is 
any root other than zero of the equation 

2ha 
.a« 

To form an idea of the distribution of the real roots of (5)» it 
is only necessary to note that they correspond to the abscissae of 
flie common points of the curves 

where we have put al»f . 


tanrtl=-ii — Li- 


n^(—2 Mid n^ffjf 
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The Moood of tbcM curves is a reetengolar hypeibola, wbooe 
eentoe is at the origin and whose asymptotes aie 

f=0 and „=|. 

If this hjrperbola and the cotangent curve are drawn, it is dear 
from the figure that the- positive roots lie one in eedi of the 
intervab (0, w), {t, 2«-), ... , and the negative roots are equal in 
sbsohite value to the positive ones. Also there are no repeated roots. 

ForUier, it is clear that (5) cannot have a pure imaginary root A. 
Since we would have 

which is impossible as both terms are of the same sign. 

Also we shall see kter* that it cannot have an imaginary root 
of thefonna±f6; therefore its roots are all real. 

Let us assume that /(a;) can be developed in an infinite series 

f{x)^A^X^+A^^+:.. , (6) 

where ^>X««cosa«fl;+~-Binai|X, 

Qm bemg the nth positive root of (5). 
Then the solution of our problem is 

v^^J[,fi-^^K (7) 

The possibility of the expansion (6) and the question of the 
validity of this solution will be referred to again on p. 182, but 
if we assume that such an expansion exists, and that we may 
integrate the series term by term, the value of the coefficients may 
be obtained in a similar way to that in which, the coefficients in 
Fourier's Series, with similar assumptions, may be found. 

This depends upon the fact that 

which we shall now prove. 
• Cf. !». 7a 
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But -^'+AX,«»0, when »=©, 

and '^'+*Z,«0, when »»?, 

whtttover podtiv« integer f may be. 

Thm (a»*-o,«)j-XiJf«<fo«0, 

and, iriifln m is not eqnal to », 

To obtain the value of I Xn*ix, we note that 
Jo 

But a,iif»5=saHC0Ban»+*Mna«a?, 

and ' -^sa— a«BinaM»+*C0Ba^». 

and : a.*|iH»<fo+f^(^ydx«(an«^ 

Bat we have seen that 

«-'I>-j:(©"*-[^^]:- 
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fhmhn 2a,«|z,««fa-?(«,«+*«)-[z,^]|. ' 

dX 
and , ^"t:^*"*^* ^^^ '"*'* 

Theiefcm -X» ^J*— AX»«, when »«»l, 

and ^^'Im'^ ^nt whensivsO. 


Theiefcm 3i»''^h both irii«n 9—0 aod s»l. 

««- [*.S"]!— * 

Hence, H w» aasome the poeribilhy of the ezpranoa tad that 
we may integrate tenn by teim, we have 



li--'''1^W^-l>><---'+*'^-^>^ 


»«2Ve-H«h,«i 


We stated above (p. 76) ihat the equation 

tanal=-a "Xi 
cannot have an imaginary root of the form a±ib. 
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If this were poeublet we would have two oonjugftte loots a±^ 
and these would give the two jfizpiessaons 

X 8eos a'x+—, sin a% 
a . 

where ' a^a+ib 

Slid a'=^—ib. 

Now we have seen that for any two unequal loots of (5), 

and this applies also to X, X\ so that 

But dividing X into its leal and imaginary parts, we have 

X^R+%8 
and X'^R'-iS, 

so that we would have [ {R^+S*)dx^, 

whioh la imposs9>le. 

ThuB we see that (5) has only real roots. 

If tadiation takes place at a^^^O and fl;=I into media at temperataiii 
«! and v^ the problem can be reduced to the. above as usual bf 
putting v=:u+w, 

where f« is a function of x only which satisfies the equations 

g=o, (0<.<D 

— ^+A(u— 1;,)=0, when »a«0, 

and 'JL+^(^''^t)^^» ^^^ ^**' > 

and w 18 a function of x and t which satisfies the equations 

W=»toi' (o<«<0 

dw 
— a-+*iira=0, when a?a=0, 
ox 

^+hw^Of when ap=l, 

sod ^»/(^)-*ti, when 1^0. 
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The pioblema where one end of the lod is kept at a eonetaiit 
tempeiatiiief and xadiation takes place at the other end, or when 
one end is rendered impervious to heat, may be treated in tlie 
nme way,* 


n. AnpUeatlon ol tUs BobitlQii to the Delerminatioii el the 

dnettfttsrandBmissifitsr.t 

In the case of radiation at the surface of the rod into a medinm 
at temperature zero, the solution may be deduced at once from 
that of § 36, and is given by 

i. and Xn having the values of that article, and y being equal to 
Hp/epw, 

Neumann showed that this result may be used in determining 
the values of the thermal constants. His method requires the 
measurement of the temperatures v^ and f|, when «»0 and a^esl. 

Now X«=scos a«^H — sina,^, 


and thus Z, 

,=1, when xibbO. 

Alflo we hare seen that X»*«l 

when x=l. 

We proceed to detennine the sign of Xn. 

Since 

**"""'~S?^' 


M^^V-^ 


"^•-^<^. 

But 

0<ail<ir, 


ir<o,I<2»,etc. 

Hence 

jC,=(-l)"-i, when x~l 

Thus 

i(v,+v,)^Aie-M+A/rf*+,.., 

■nd 

^(v,-v,)^A/rP*+A^tr^+..., 

whew 

^n^KO^'+V. 


• Cf . ala> I as. 

t Neamaim, Anm. dUm. pkifs.. Pant (8^r. 8), ee» p. 181, 1881. 
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As ^ ineieaBes with », if 1 18 ohoaen laige 6iu>iigh, w 
a dose appioxunation hy usiiig only the first tenn in esdi of Hkm 


On this iiii^«pwt-'^p^if>g 

mad JK""^i)""4*c"*^« 

In Neomann's ej^wriment he first heated one end of the bit 
by a flame^ and then allowed the bar to cool by radiation. AfUr 
some time he b^gan to take observations of v^±Vi at equal interyah. 
These resdings showed when the temperatures b^gan to obey the 
law given above. By this means the constants /3| and fif are found; 
and' thus two equations are obtained from which the con- 
ductivity and emissivity may be determined. However, as the 
values ot ai and a^ involve h, this calculation has to proceed bj 
svoeessive approximations and is somewhat complicated. 

A simpler method is obtaixv^d by observing also the temperatoie 
as tlie middle point of the bar. 

When »«it 

J^- cos 4anl+-- sin K*. 


But tan anl^-mnrt • 


if.-co«w(l+^tanW) 


2a»& 

It follows that tan ^aj is equal to h/on when n is odd, and to 
'^ajh when n is even. 

Thus, for ^^hh 

* 

ssO, when n is even. 

Thus '^^'^'^^z^qi^'^'^'^s^i^'^- 

end to our approximation 
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Item thii veinH we find oi ; then A f oBowb from the eqvatkNi 

I tanW-*, 

I 
an^aifrom tftnj^a«I»— jr. 

Abo fil'^KQi^+lff 

giye K and y, 

10 that the valuee of the oonduetivity K and the mumxwity H 
mflly then be found. 


S8, Eanatkm ol Ooodoetion in a TUn Wn heaM by en : 
Onnent of Ckmatant Stiencfh.* 

The equation for the temperature in a thin wire along which 
an' electric current of constant strength is flowing was given by 
Verdet m 1872.t For some time little use was made of this method 
of heating the metal, although it has several obvious advantages. 
In the first place, the electrical measurements can be made with 
Buch accuracy that it is found possible to arrange the experiments 
80 that the difference of temperature along the wire will be small. 
The error due to the neglect of the change 4>f the Electrical CanduO' 
tivity, and also, though not so marked, of the Thermal Conductivity, 
is thus avoided. Further, it is of importance that the same method 
of heating the wire should be employed in the cases when the 
temperatures to be examined are widely different, and that the 
two conductivities — electrical and thermal— should be obtained by 
simultaneous experiments. By using the equation of conduction 
in this form, the question raised by Wiedemann and FranE,t as to 


«yeidot, Throne Micaniqw de la OheUeur, T. IL, p. 107, 1872. 
t AlteniAUngourrentohaTeabobeeiiiuediQthUooiineotion. Beyenl importasl 
papyri may be lef erred to : 

Cttaa,Zs.Maih.,L€ip9ig,M,p.^2,l9B9, 
Ebeling, Ann. Phyfik, Leipzig (4. F.), 27. p. 891, 1908. 
Weinxeioh, Z«. Ma(k„ Leipzig, 88. p. 1, 1914. 
The last-named memoir oontaine n yaluable account of the literature on tUi 
•abject, uid the Tariation of the temperature over the aection at well at along the 
length of the wire it taken into oonsidenition. 
: Ann, Physik, Leipzig, 89, p. 497, 18fi3. 

C.O.U. F 
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tiie latio of the thermal and electrical condactivitaesy has bea 
agaxQ ezaminedy and'it has been ahown that the latio is not i 
neaily constant as was at first supposed. 

We shall first find the Equation of Conduction^ and then shoi 
how the Steady Temperature and the Variable Temperature s 
such a wire have been used to determine the Electrical and Thenm 
CSonduetivity of the metal. 

Let the wire be of length I, and let £» c, p, and ff be its thennt 
•conductivity, specific heat, density, and emissivity. Let $ be ih 
strength of the current, and <r the electrical conductivity, %.e. ih 
redprocal of the resistance per unit cross-section per unit length. 

CSonsider the element of the wire contained between the section 
distant « and op+ib from one end. 

The rate of gain of heat in this element from the flow of heii 
cnrer the sections at x and x+dx is ultimately 

m being the area of the, cross-section of the wire. 

The rate at which heat is lost at the surface of the element ii 

p being the perimeter of the cross-section, and Vq the temperatan 
of the surrounding medium. 
The rate of gain of heat due to the current % is 

The total rate of gain of heat is therefore 

do 
This must be equal to mep^dx, 

and therefore the equation of conduction is 

Writing «« — , Xbs— £, and o» — =•, 

^ cp' cpu epmv 

tills equation becomes ^»jc^—X(v—tfo)+0* 
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M. TbB StMdjr Ttmptiatim. K oM m neh^i MMiod ol (OMalai 

tht ntio ol tlie EleeMeal and ThMmal OondMlMtiMU 

KohliauBoh* has shown how the Steady Tempemtuie mmj be 
employed in finding the latio of the electrical and thennal oon- 
daetiTities. 

The ends of the wire aie kept at as neaily as possible equal tem- 
peratoies. The suiface is supposed lendeied impervious to heat, 
ftod the cttirent % is supposed to have been flowing long enough 
to allow the steady late of tempeiatuie to have been reached. 
In this case the equation of conduction becomes 
KcPv i« ^Q 
epc^ opu>*r 

Let ti be the potential at the section ^. 
_, du 

Then •^""^^S' 

R t *!as*!^ 

daT^dn dx' 

Therefore j-»« t- 

dx w<rdu 

and ^^^JL^^ ^ 

Therefore we have 

f*s+i^......;...... ™„:.w 

Thus ^v=-lu'+Au+B, ........,....(2) 

where A and A are constants determined by the tempemtureB 
at the ends. 

Let (tij, Vi) (tif, t^a) and (ti„ v,) be the values of u and t> at any 
three sections Xi, «|, x^ of the wire. It follows from (2) that 
2K 

(3) 

^Kohlrauaoh, (1) Berlin, SUzBer. Ah. Wis$., p. 714. ISM; (2) Atm. Pif«Ab» 
Wi»v(4 F.), I, p. 132, 1900. 

See ftlao Gzemak, Wien, SUzBer, At Wiss., lOS (II*.). p. 1107. 1894. DanoMi* 
Papers from the DepartmeiU of Phynes, No. 11. M^Oai UnivenUy. MoiUrtai, 190O; 
«idWeinreioh.tecci»..p.4. 
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When the tempeiatoieB at the ends of the wire Aie kept the bub 
the dirtribntioii of tempeiatuie in the wire will be •ymmetric 
aboat its middle point. Let the points ap| and X| be at equal distsne 
from the middle point «| on either side. 

Then Visv^ 

and . ii|-*U|=iia— ti,. 

Therefore we have from (3) 

and we have tiins obtained a simple method of determining i 
▼ahe of the ratio K/trot the Thermal and Electrical Conductivitii 
involving only the reading of the difference of the temperatu 
and potentials at two points of the wire» when the current is 
rqpilated that the temperature of the wire is steady. 

40, The VaiiaUe Temperature. 

The variable tempeiature of a wire along which a consta 
etectiical current is flowing, while radiation takes place at t 
floiface, has also been used in determining the thermal and electiu 
constants. The following investigation is due to Straneo.* 

We have found the equation of conduction (| 38) in the form 

where «f=r-» X«— ^» and a=--^-. 

Cp C/M» cpara 

Suppose the tempeiature of the medium into which radiati 
takes place to be aero> and that 

f;=0, when <=0, (0 < a? < I) 
f;ssO,whena;=0 and xal, 

are tiie initial and boundary conditions. 

To integiate the equation of conduction^ we proceed as us 
to break up tiie problem into one of Steady Tempeiature and < 
cf Variable tempeiature. 


8m aliol Se 


, Soma, Bend. Ace Uneei (Ser. 6), 7» Bern. iL» 1S96, 
Sehftufelbeiger, Ann. Phffiik, Leipzig, (i. F.). 7» p. 6S9» 190t : 
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Put v^u+w, 

tf =0 at «s=K) and >»{) 
«ad « » a fonetion of s and < which Mtiafiee the eqnatioDS 

tf sO at jDsO and x^l ' 
Was— 11 at <=0 

The value of II it obtained immediately in the fona 

.f- sinh/iJB+sinhM (1—^)1 

^-*L^ ash^i J' 

wheie M«V(Vf) w^d 6«o/X. 

Thia fonotbn may be expanded in the Sine Series 

wheie An^O^ when n is an even integeri and 

when n is an odd integer. 

With this value of u the solution of the equations for w foDowa 
immediately, and we have 

"■XAMSin-|-af« ^ » 


iri^i(2n-l){(2»-l)V+PM"} ' 

Therefore 

~ L 8iiih'/(I J 

In applying this solution we note that the ooeffidents of tite-tenns 
in the series for v> fjiminw^ rapidly, and when «a)/S ox 21/S the 
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aeoond term in 19 is zeio. Hence to a oloee approximation tk 
value of 19 at these points is givm by 

Let observations be made at the point x^^^l at the times l|, t^ 
and ^ where <|— «i««|— «i=t. 

Let the temperatores be f^ii v,, and V, respeotively. 

^ '*^4^+»)- — •« 

Also take the value of the steady temperature at the middle poisi 
of the wire, vi2.» 

''-K'-^^-— •• — -^ 

These three equations determine the values of r, X| and or. Fof 


T 


t 


from (1) we find the value of c-p- +X. 

Inserting this in (2) we have an equation giving the^alue of /i, 
and with this value of /i from (3) we find 6. 

»»* -c^.'" :•" :<*^ 

H"' •••"-• "•••<« 

M=V(XA) (») 

Themfon, fi being known, we have from (1) and (6) tihe valnei 
of K and X| and 6 being known, the value of r fidiowa at once tarn 
(4)and(6). 

In the actual experimental work this process was reveraed. 
The wire was first heated by the current till it was observed that 
tbe steady temperature had been attained. The current was then 
cat off and the wire allowed to cool» the ends and the surroundiog 
medium being still kept at the given constant temperature. 

VfHii this arrangement the steady temperature u is given tf 
before by 

./ sinh /xa?+MPh M(^-g) \ 

""^V — ^^ — > 
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Mid the v»mbl« tmpenrtuie » to d«*«ninMl by th* eqMtwiM 

dv dh> . 

VmO, wh«n »-0 and as— I, 

Tbw 

•--$(2n-l){(2»-l)V+V}'"^r-'' 
Then, m before, we find 

The valoee of x, X, and o- foHow u above. 


CHAPTER V 

• * 

TWO-DIMENSIONAL PB06USMS 

CU Xntfodnotoiy* 

In the last two chapteis we liave been examining difieient cuii 
of Linear Flow of Heat. In these the tempeiataie has been depoh 
dsnt only npon the time and upon one geometrical cpoidinate. Suck 
pioblems maj be refened to as one-dimensional. .We piooeed 
to the discossimi of cases in whiich the flow of heat takes place in 
paxaDel planes. If these planes are taken parallel to the a;y plane, 
' the tempeiatare will depend only upon x and y, if it is a case 
of steady tempeiature> or upon x, y, and f , if we are dealing 
with variable temperature. We speak of these problems as two- 
dimensionaL 

The first problem in the Conduction of Heat discussed in detail by 
Fourier in his treatise, is that of the Steady Temperature in the 
Infinite Solid bounded by the planes a:=s±|ir» y^O, and extending 
to infinity in the direction y positive. The boundaries x^ ±|t aie 
kept at zero temperature, and the base y=0 at temperature unity. 
His discussion led him to the expansion of unity in the interval 
—Jw < » < Jw in theseries 

\ —{cos Of— i cos 8a?+i cos 6»— ...},♦ 

IT 

and he then proceeded to consider the question of the development 
of an arbitrary function in trigonometrical series, and obtained 
the expansion now known as Fourier's Series. He was thus able 

mtkj be obtained in the ordinary way m the CkMine Seriei for/(«), when 
/(«)=!, (0<«<iir) 
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to live tjie dittributioii of tempenktiue in thit iolid, whin tho 1 
is kept et the tempemtiue v^f{x)t f{x) being an arHtEaijr funotkn 
of jp, while the faces a?» ±|ir Aie kept lui befoie at seio. 

4£t F*^^***> Beetangnlar Mid* Steady Tempeiatiifi* 
Instead of taking Fourier's Problem in the form which he adopted, 
f e shall take the solid as bounded by the planes x»0 and 9»y» 
which are kept at zero temperature, and the plane y»0, which m 
kept at the temperature v»/(x). We assume that the function/(x) 
is bounded and satisfies Dirichlet's Condition {F.8. } 93) in (0, #). 
The equations for the temperature will thus \H^ as follows : 

S+p=^. (0<»<ir.O<y) 
i;=»0, when x=sO and a:=sir» 
and t?=/(3;), when y =0. (0 < » < t) 

Also we have Lt {v)=sO, 

Starting with the Sine Series lotf{x), 

aimiix+a^sm2x+..., 

where aii=~ !/(*') ^ ^ ^* 

let us examine the function v defined by the equation 
v=^er^ sin x+a^*^ sin 2a5+,.. . 
Since/(a;) is bounded and integrable in (0» ir) and 

a»=- !/(»') sin naj'cte', 

then |a.| < 2ilf , where |/(a?)| < Af in (0, w). 

Also 1^4,1 sin no; e-*»'|<2Me-*^ when y.^yo>0» 
jfo being an arbitrary positive number. 

Now the series S^'"*' 

18 convergent and its terms are independent of x and y. 

Thus the series v^aiC^ sin x+a^e-^^ Bin2x+ ... » ^..^Cl) 

regarded as a function of x, is uniformly convergent for any mter?al 
ol X, when y > ; and, regarded as a function of y, it is unifomly 
convergent when y = yo>0. . 
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^ TIm sum btnie of the series obtained by term by t^ 
tion of (1) with zespeot to z and y in these intervals. v 

Th^efpre, . g^»-2ii«a„r^«^Binn« 




3h 


•^ ^" ]Sii«a«e-*»8infMe. 

Foraier, since (1) is uniformly convergent in the interval 0^ 9^ 
aad the sum of the series vadshes when x^d and 9?av» the Hi 
4iv9A X approacies these values is sero» y being positive. Tl 
the boundary conditions at the faces (BsO and x^t are satisfied. 
We have assumed that f(x) is bounded and satisfies Dirichl< 
Conditions in the interval (0» ir). 
Therefore the Sine Series 

Ox sm a?+aa sm 2a;+... 
converges, and its sum is f(x) at every point between and «- 
which /(x) is' continuous, and l{/(«+0)+/(x— 0)} at all other poii 
It follows from F.8. }73, 1.* that, if i; is defined by the series | 
Lt ^=^f(x) at a point of continuity 

=i{/(a^+0)+/(«-0)} at all other pointe. 
Thus f?=aVa^e-*«'8innap 

is the solution of our problem. 
This may be written 

(er^v sin f^ sin f^.') d^', 

I the series under the integral is uniformly convergent. 

Si. If the sdid Is bounded by the planes «b0, »^a, and y^h^ wi 
aie kept at leio temperature, and y~0, which Is kept at temperature/ 

lisousB the other three caaee in each of which three of the boundai 
I kepi at leio temperature and the fourth at an arbitrary temperatun 
CL Bj^aAy, Fourier's Series and Spherietd, Oylindrical and ElUpsoi 
Samumies^ pp. 102-104. 


if,mp' 


• The argument of F,8. f 78, IL alio appUee to this queetion. CL above, { : 
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II BaMttVnnpintimUiiltr* 
Iiitheiolationo{§42,pat/(x)->l,Midweliay6 i 

Iherafoie 
^v»r-» iin »+ir^» Bin 8»+... 

aa^the inrnginary part of (e"»^+i^"^'^4'»«0 
=■ ••*2^1— i^t^> ' 


1, / l-ar%+air-»einjp \ 
2^ \ l-2e-'«'oos»+r-W 


The oonjogate fanotbn* to -*•»"* d^]:) •• 
1, /l+2<-»ooBg+e-'»\ 

It foUows that the lines of flow ate given by 
??*ith?2?«»con8tM»t» 

lese bdng ordiogonal to the isothennab 

sinas ^ j.^ 

^ . i-— =coiiBtaiit.t 

* 
M. The Um ol Chmjiigate Fimctioiui in Piobtaiii ol MMdjr 
ttatoie. 
Let f I J} be real fonctioiis of X and ly such that ^ 

I *FortlMd0aiattonaiiapropertieiofooiiJiig«tofiiiiotiflm 
tOC.Fourior,lo6.et(.,S206. 
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Then ^, « an callfld oonjiigate fniustiona of x and jf. Alio we hen 

"^«" i=--|'" •• '"-w 

It foUowe that the curves ^=:coiistaat and tfaoonstant an- 
octhogonaL 

Agam.anoe ^ ^^, 

H foUoWB that ^+0=<*' — ••" •<') 

-d -i^a-ay S+p=o- •• - - "W 

Fuitiier, if V 18 a function of x and y such that 

§?+a?^^' • <'^> 

we can ahow that dx^'^difi 

Forwehave ^^g^^+S^^ ^ 

and 

^ a»»/'afV, « a«t> ^f^?.^/'???.**'?!^.^^ 

Sunilarly 

Adding theae two leeults, and using (1), (2), (3), (4), and (6), 
we flee that 

Thai, if we can obtain a solution of the equation 

3*v.dh> . 
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Mtufying oertiiii hamiuy coiiditioni at dui corvee 

ihis aolatioii in the (^ plane may be tmnsfened to the ay plane, 
the boundaries being the curves in the ay plane whidi coEfeepood 
by the transf onnation 

to the curves i^iu ^'9 ^^^ ^ temperatuies at these boun- 
daries ooirespond to tiie temperatures^ at the boundaries in the 
f 9 plane. 

Suppose that we have the case of the rectangle in the (ti plane 
given by ^=:fj, f«f,, 

and that v«/iW atf=f|, {fii<n<nti 

t«/,(i|) at^=:f„ (iii<>r<iit) 

c«-Pi(f)at,«i,„ tfi<f<f,) 

t^--yitf)at„=,,. tfi<f<f,) 
The solution of this problem is obtained by breaking it up into 
four cases, in each of which three of the boundaries are kept at 
sero temperature. In this way we find 

int-ih} 

whm a«, o/, b«, and 6^' an the coefficients in the Sine Series, 

,nw{ti—tii) 


., sin -7 ^i 


"■"■(•J— "ti) 


/tW"]^*'!*""! 
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Sobstitafeiiig for (, 19 from the relation 

we brnve the temperatoie in the region bounded by the carves wl 
ooneepond toi^d » etc.» these curves being kept at the temperati 
;to/i(j,),etc. 


n. Arolieatiopg of fliis Method.* 
L The Sector of a Cirete. 
Consider the transformation 


(+<^-^H'-^. 


In this case f==?fl, '^^'^K©* 


and the sector of radius a and angle a corresponds to the regicm 

0<,,,;0<f<ir, 
in the ^9 plane. 
Thus the equations 


af«+a^~"> (o<i,) / 


vsaO, when f sO and ^»>tr, 
and v^l, whm 9»0, 

lead to ^+x-,:=0 over the sector, j 

«sO» when dsO and dsa, 

and f^sly when r csa. 

These equations in (f» 19) we have aheady discussed in f 4$ w 
deslmg mth the Infinite Rectangular Solid, and thor solution is 

Therefore the temperature in the sector is giveii by 


v=- tan"* 

ir 


sin- 
a 


^'^i-aOl 


• Gl lUtliiM» Oowrs de PAym^ Maihimaiique, Gh. IIL 
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If iha boundaij r«^ had been kept at t»»/(0)» the pfeoUem 
would hate ledttced to the eolation of the equatioiui 

t>«0, when f =*0 and f —ir, 
and v«/(jf), whenif»0. 

led this has been diaouaeed in §42. 


a TheOifde. 

Consider the transformation 

i+»,— loggia?. 


Then f-0, ,-log?, 


and the dide r"*a oonwpcnds to tiie legion 

0<„, 0<f<2T 
(rf the ^1} plane. 
Thua the equatioDS 

ga+jl^=0 over thiB legion, 1 

»=-/(a when ,-0, / 

a) 

le^lto g+^=Ointheoi»le, ' _ 

«Bi/(6), when t'^a. . ■ 

(2) 

The eolation of (1) is given by 


v^^«-^{a^eoBni+Kanni), 


when «.='^^/(n««f'. 

• 

«.=^jr/(nco.<rff'. 


"^ ^-^jr/tf')^*'^''*^. 
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Thus w« have 

Therefore the temporatuie in the oixole ie given by 

in. TufoCanoenirioCifdea. 

This maj be obtained from the same transformation. '. 
mlution can readily be found in the form 

where fii€)='^ (a^cosnf +6^siniif ), 

/t(f)=|:(a;cosnf+6;sinnf), 

are the Fourier's Series for/i(f) and/a(() in the mterval to 2 

IV. Tito Inteneding or NanhlnierMeeUng Circki. 
Consider the transformation 

f+<,„iog5±iz:$?. 

Then f«log^*, ^=^1-0,, 

wliere r^ and r^ are the distances from the points A(lf 0), J3(— 1 
to the point P{x9 y)t and dip d^ are the angles AP and JSP m 
with the poritiye direction of the axis of op. 

Thus ^sconstant represents the system of coaxal circles i 
A9 B BB limiting points, and f^sconstaht represents the systeo 
dicles passing through Ay B, these two sets of curves, as in 
cases of conjugate functions, being orthogonal. With this nota 
theay plane is given by —ir<f;<^ and — oo<f<oo ; the k 
side ci BA is i^s— t; the lines Ax and Baf are $1^0] and 


TW0«DIMEN8I0NAL PROBLBMB 


97 


upper mdedBA it ^s^. Abo A i» Hkt point f "»+«>, and B is 
the point f— 00. 



We proceed to apply thia transformation to aeyeral oases in whieh 
the region in the ay plane is bounded by arcs of these circles. 
(i) Gonbider the region bounded by 

f-fiandf^f,. {0<n<T) 

i,=0 and j,»ir, (ii<€<iti 


as in Fig. 6. 

Let 
and 


f>»0 over f«fi, ^==0, and iy=»ir, 
v«/(ii) over f«fj. 

Then we have 


v^ sinhnCft^^) . 


where »««=- \fW) wn iti/ di/. 

It is easy to extend this solution to the case where 
i^=»/i(i) overf=fj, (0 <h<w) 
v^ftM over f =:f„ (0 < I, < ir) 

v-J-.tf ). overi,^ir. tfi<f<f.) 

(ii) Consider the region bounded by the two complete eird«8 
t'^d and if n^, surrounding the limiting point A, 

Let v»/i(i}) over f «=fi, and f?=«0 over f=sfi. Then the 
solution is obviously 
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when 
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"2ir 




Snnikify, when ^^ft(n) over (»(t and v^^ oyer (»^i, i 

**" -?^^) <•.'•"•'+».'*'"''). 

where a/ and 6/ are the coefficients in the Fouzier'a Series for/|(^ 
in the interval — x to ir. 

Adding these two results ;we have the solution for the oaae ( 
i3ie circles (^ and (% at temperatares/|(i}) and/|(ii). 

It is clear that if /i(i7) aiid/|(j9) are constant and equal to i^i andi 
lespectivelyt we have only to solve the equations 

«=f>i, when f— fi, 
. fis«a, when ^»^f 


The splution is v- 


-my-^} 



FN. T. 


f ' 




(iii) Oonrider the region boundedlby ' 

n-i?., (0<f<po) 

i^K (•»i<i<'»t) 
a in Kg. 7. 
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(a) Let •'=/i(i») OYVt f =0, (in < n < ih) 

»-0 ovwt i,-i,„ (0<^<oo) . 

»— • cirte I)— 9,. (6 <f<oo) 

Ifcan tlw aolntum ut deaily 

where a^---^r/iW)"'^/^'^»'^'»'' (Of. i^A, §98.(7).) 
08) Again, let 

Wt(f) over i,«i,i, (0<f<«)) 
«-0 over i|«j|„ (0<f <oo) 
««0 over f «0. (0<^<oo) 
Suppose in the first place that the point A ((»qo ) is eiahided 
by a eixole ^^a. where a is a very large positive quantity, mod 
that the part of this circle included in the region is kept at lero 
temperature. 
Then we would have 

* - Mnh^(j|,-j|) 

'^ Bin-— f. 

Binh — (i»,-iji) 

To obtain the solution of our problem, we must let a tend to oo. 
Proceeding as in F.8. § 118. in the case of Fourier's Integral, pat 

---—\ and - — AX. 
a a 

This leBute might have been deduced fn»n Fonxiei's Siiie Integnl 
l(»/,tf ), namely. 


||JdX8mX^£/j[(^BinXfdf. 


(y) In the same way. if 

v^/stf). when j|» Jig. (0<f<oo) 

v^O, when j| = j|i, (0<f<oo) 

t;«0, when f =0, (tii<^<n^ 
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(i) By adding (a), O), and (y), we find the solution when th 
thiee sothoes aie kept at «»/i(i»), »-/,(f ), and «-/,(^. 
(it) Oonaider the region bounded by . 

fl-%. (-«><f<oo) 

IJ-l^. (-<»<f<flO) 

I** *"=/itf) over 1,-iftt 

and »«/«(^) over i,»i^. 

Then we find, as above. 

Ye Canfoeal Ellipses or Hyperbolas. 
Consider the tiansfonnatioii 

c 
or a?+ty»ccoeh(f+ij9). 

TBien a?a<;coBli(cos>, y«08inh^8Uiiy~ 

coB*^ 8in*jy 

Thus the curveB ^sconstant, and jy^constant, are a aet of oonfocil 
eDipaes and hyperbolas, and the fl^ pkne k given by —X < 9 < ir i^ 
0<f < co» the lower part of the xy plane having negative valtM 
of fi and the upper part positive values. 

(i) Two Confoodl JEUipses. 

CSonsider the r^on bounded by ^=^| and (»^f 

Let t;==/,(j,) over f=-fi, . 

^ ^ t;=/,(j|) over f =:f,. 

Then, as above, 

^8inhn(A— ft J ... V 

, >^sinhw(f— A) , , ' ,i#. v 
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while a«» b^ a» » and ftn' are the ooeflkiente in the Fouiwr's Brnm 
loifiM <^/t(9) ^ ^ intenral — ir to ir. 
(ii) Two Semi-BUiptei (md the part qf Ae majof om hOweem 


In thk caee the legum is bounded by 

f=fiandf=f,, (0<,<») 
H-O and,-x. (fi<f<f,) 
Ut «=/|(j;) over f =f|, 

f>«/,(j|) over f=f„ 
Mid t'^O over ^ssO and iy"x# 

It is clear that the solution is 

A» 8inhn(A— ^) 

V • 'smhwtft-fi) 

, A» , . sinhnf^— A) 

where a^ and an' are the coefficients in the Sine Series for/iM and 

/.w. 

(iii) Semi-EUipae. 

In this case the region is bounded by 

f-Oandf=f,, (0<j,<ir) 
I j,=0 and jf«ir. {0<i<ii). 

Let t'=/(if) over ^^^^^i, and let the major axis be at lero 
temperature. Then 
i A« . sinhn/ 

where a,» is the coefficient in the Sine Series for/(i;). 
<iv) Cample EUipae. 
In this case we have to satisfy 

v=/(i;), whenf=:fi, (-w<j|<ir) 

Abo there must be no discontinuity in tiie temperatora or ike 
flc)w of heat as we cross the major axis or pass along it. 
All these conditions are satisfied by the expression 

^/ coshn^ , , sinhn^ . \ 
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when a^ and 6^ are the coefficients in the Fourier's Series for/(ii) 
in the interval — x to ir. 

(▼) Quadfilaieral bounded bjf the Ara qf tiwo Oaitfooai BKpki 
mnd Hjfpefbdtoi. 

This reduces to the reotang^ in the (91 plane, and the solutka 
{oUows. 

48. Sooroes and Sinks In Steady Tsmpeiatiiie. 

In tlie cases of steady motion considered in the preceding articUi^ 
tlie supply of heat which maintains the steady temperature is applttd 
at tiie boundaries of the solid. On the analogy of the flow of eledaie 
currents along thin conducting plates, when ^e current is conveyed 
to the plate by one electrode, and withdrawn by another, we maj 
imagine the steady flow of heat in two dimensions — or the flow k 
heat in thin plates — ^to be produced by the introduction of a quantity 
of heat at one or more points and its withdrawal at otheis. These 
points may be called Sources and Sinks of Heat, 

In this case, if we describe a small circle of radius r round a 
point at which heat is steadily flowing into the plate, in the limit 
the flow of heat out through this circle must be equal to the flow 
in at the source. Hence the solution of our equation 

must take the form --K-^logr+u, 

where u is a solution which remains finite as the point approachei 
the source, and m is the quantity of heat introduced there per unit 

ffimilariy at a sink the part of t; which tends to infinity must be 

•qmltOg^togf. 

Consider the part of the ay plane for which y > 0, and let tk 
boundary y»0 be kept at temperature xero, while there is a somoe 
<tf strength m at (0, y«). 


Then we have 


"vh^ii^- 


since this expression satisfies all the conditions of the piobltfo. 
It will be seen that this solution is obtained by putting a siok 


TWO-DIMENSIONAL FROBLBMS lOS 

(0, -*yt)i whifih will hftknoe the •ouioa tt (0, y«). Indeed 
thi natol SouiOM and Sinki in two-dimeniional pioblems ol Steady 
TflmpMktuie is ezeotly enelogous to the nae of Imeges in Ekotao- 
ftitiof end HydxodynemioSi and the leader is refened to the die- 
eoWons in the booln on these subjects for further iUustratioiis. 

It is clear that the method of transformation by conjugate 
foQctions is also applicable in this connection. Since if 

when Z=» JC +< 7 «/(«+fy), 

and Z.'--X^-iY.^f(x.^%y.\ 

^, looked upon as a function oi (oe;, y), satisfies 

AIbo ^ vanishes at the boundary which corresponds to y»0 in the 
XY plane, and is infinite as — o^ log r at the point {x^ y«), lAdth 
oomsponds to the point (X^ Y^) in the XY plane. 

47. Variable Temperature. 

In this case the equation of conduction is 

sad we obtain the solution as in § 16 in the form 

the initial temperature being 

If the solid is bounded by y— kept at temperature aero and the 
initial temperature is v-/(x, y)^ when - oo <a?<oo and 0<y, we 
have 

To obtain this solution we may suppose the solid continned 
beyond the plane y^O and that there is a symmetrical initial 
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distribntum of temperature in the edded zegion y <0 whiok ^ 
cause the plane y»0 elwayi to keep leio tempexatote:. that 
y/r^ take the initial temperatote at (a/»— y')* (y' > 0)» to be equal 
alMofaite valne bat opposite in sign, to that at (a/» y'). 

The question of a variable temperatote at the boundary y> 
or of radiation across it, will be referred to in §§74, 86 and,87. 


CHAPTBR VI 

THB FLOW OF HEAT IN A BBOTANOULAB 
PARALLELEPIPED 

Btmal of the mediodi of finding the oondnotiTitjr of aolidt wbieh 
w« have diaoiused in the pievious chApten cennot be applied to 
poor oonducton, sinoe the amount of heat loet at the soifaoe of 
the bar by radiation becomes largp compared with that condneted 
•long the bar, and the emiaaivitj is such an uncertain quaiititjr 
that it is best to have it, when possible, reduced to the rank of a 
imall correction. With poor conductors this would be impossible 
in the bar methods. But for the cube, the sphere, and the cylinder 
the mathematical problem can be solved and its solution applied 
to the evaluation of the thermal constants. In this chapter we shaH 
diMUias the case of the rectangular parallelepiped. For steady tem- 
perature the solution is given by a rather complicated series, without 
much practical value, but for different problems of variable tem- 
perature we obtain results immediately applicable to experimental 
investigation. 

48. Steady Tkmpeiature. 

Cionsider the solid bounded by the planes x^^O^ »aa; y^O, 
y»6 ; zssQ, 2»o. The equation for the temperature is 

3H; 3^ 3H; ^ 

We take the following surface conditions :— 

i;sasf;|, when x=0, 

v^v^ when x»a, 

vid the other faces at aero. 

•^ 105 
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It b eleur that tbe ezpieflsioii 

Vimiil{a^x)+VifaDihlm . miry . nirz 
SaSlS : Bm^am-^ 

aatiflfies all ihe conditions provided that 

TlMKefoie tiie solution of the problem it given hj 

«_ V» v> J Vi«!BhHa-x)+v,tiaiiUB ^ miry . «»* 
SiS *• ^^ «n-|^«in— , 

piOTidedthat §|;^^.«n^sin?^=l.* 
Bnt lja.Bin^-1, 

lAtta a^s= — (1— cosmir). 

Thfinefoie 

. (2y+l)iry . (2g+l)>i 
«. l?v^ v^ViMnhi(a— «)+ViBinhte " S • o 

x« 6« + c« 

50. Steady Tbrnpeiatim (caniinued). 

When radiation takes 'place at the faces y^O, ys6, z^O,Z'^ 
and the faces xssO, x=a are kept at temperatures t^i, v^ as befoi^ 
we can obtain a similar solution of the problem. 

In this case the surface conditions are 

v^Vi when jp=0, and v^^v^ when »=sa ; ^ 

— g-+Ai;=0, when y=0; g^+/tt;=0, when y»6; 
— ^+/it;=50, when «=0; =-+At;=0, when «=o, 


* For A rigoroai treatment of this question it would be neoeiMiy to Jw^r 
the term bj term diffeientiation of the douUe leriee for v. The Mnie leani 
^piiee to the other problems disousiied in this ohspter. 

Gf. §1 12, 30 above, and Mooie : **0n Convergence Factors in Double 8er^ 
and the Double Fourier's Series/' Trmu. Anur. Maih, 8oc;, U, p. W. l^^ 
Also the same author's paper in BuU. Am«r. Maih, 8oe., 85, p. 274, 1919. 
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lIsfliqCMMn 

MtMfiM the equatmi of oonduotiw provided that 

i]io it aatieAee the mxiaoe oonditioDft at x»0 and 9aa for all 
yahiis of l» and thoee at the other faoee» if nii n aie t}ie poaithre 
lootsof 

. m 2fllA m 1 «tia 

tan moss -i — ^ and taanoa^- — ^ 
(of. §86). 

Now we have teen in §36, that, with certain aieomptioQS aa to 
the possibility of the expansion of an arbitrary function in a i 
whose terms are of the type 

y^»coe 111^+— im m^» 
the coefficients in the expansion 

sregivenby -<r=- (^,+y6+2* f/y>^-^y' 
But J Yrdy^\ (coBiWry+~BiniWry)dy 

« -- (sin ffir 6+~ (1 -COS mrft))- 
Also, taivim^6s=— ^, 

(Of; §87). ^ 

Hence j 7,^^=0, when r is even ; 


a— ^, when f is odd; 


^"fc(mi«+A«)+2A ^^'*'fc«+**)+2* ^•"'"••" • 


and 
Suuilar results follow for the corresponding expression Z,^ 
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Therafon the aobtioii of onr pioUem u 

«==mtoV V »t"Ph^(a--a!)4.<;^einhfe 
F-OfSt sinhJa " 

X 1— — ^**'__ Zirt-i 

^It M dew I4»t tiiese Bolutions do not lend thenudves to numaried 
«lc«Iation. and that ttey ate not suitabl. for the eyaluatkmrfZ 
tioennal constants. . uwhi 

M. TaiiaUe TtauwataN. No BadiatioD at the Sulaoe. 
Let the soUd be tiie rectangukr parallelepiped of the kst tn 
sections, the initud temperature being an arbitrary function^ 
», y and 2. and aU the faces being kept at zero temperature. Hm 
we have to satisfy the equations, 
9v „ 
3j=«V«t; in the solid; ^1) 

»=0, when x=0, y=0, «=0'k 

*=«, y=6. »=c/ ' - (*) 

•nd »=/(», y, 2), when «=0. ..«) 

The ei^iession 

•""'^''^''^*)*«m'-^xsin'^%sin«?, • 
satisfies (1) and (2). ^ 

Extending Fourier's Sine Series to the case of /(», y, s), we would 
have 

^<'»J''«)-J5|i|i;-J-n-:ysin^, 

x{m[/(*'.y'.*')8in'^a^8in^y'8in!^,'&'rfy'A') 

Henoe tiie solutioii of our problem will be given by 

•-?§|)^^^.«in^»-in^ysin^.«-'-'(i''+P+"?')'. 
Ap.» 1>^^ ^^ definite integxal 
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■■jjjj^ (1 — eoB Iir)(l — cos mirXl — eoB wr). 
fbadoxtf in this case, 
^K^)§§§{«-(2p+l)=?d»(2,+l)iydn(2r+l):? 


} 


'', (2p+l)(2j+l)(2f+l) 

o a 

_ * 

3 a D tf 

+ ......}• 

Tliiis, for lazge values of i, the serieB is rapidly oonveigiiig, and 
to a elose approximation 

—si -Ism — em -|^ sin — e ^^ •■••'• 
v^ W/ a b e 

Abo, we note that at the point 
the 2nd, 3rd, and 4th tenns disappear, so that 

H a good appioziinatiQn to the vslae ol v at thii pdat fur kige 
nhiMoft. 

In allying this leralt it is usnal to take a enbe, M that •, 6 and « 
>n equal, and 
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Thmt miflBdaiit tame has passed to allow this to xepiesent tti 
slate of the tempeiatiiie may be tested by seeing if the tempeiaton 
leadings at this point follow the exponential curve. It wiD bi 
notioed that the 6th, 6th, and 7th terms are 

smd that these shonld be negligible. 

li Vi and f^ are the readings of the temperature at ii and i^ Oi 
aqiiation 

— ^e 

gbres the value of ir. 

SB. VaiiaUe fbrnveratore (cotatmisd). Badlation at the SurfM' 
lIHien there is radiation at the faces of the parallelepiped into 
a medium at sero temperature, we have to satisfy the equations, 

^«icV«i> in the soUd. .• .•., , (1) 

— ^+*«»0, when «=0, ^+*<'=*0, when »«a; (!) 

-^+*ti«0, when y»0, g^+*t;=:0, when y«6; (8) 

iki St) 

— ~+*«>=0, when »«0, g^+*«-0, when »«o; (4) 

and ««/(», y, z), when t—0. (6) 

It IS clear that the expression 

when X^OOB ax+'' Bm axt 

a 

y»cbs/%+g sinj%, 
Z«cos ysH— sin ys, 
• OL Vdvifar, loe. eO., Ch. Vm. 
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$aia,fi,Y*** PMttire looto of 


2ah 


*««-5iIT«' 


.^6) 


i(l),(3),(8)«.d(4). (Cf. §86.) 
H<ooe ■Mrnning the poanbility of the wqwoiioii of tlia givn 
•lUtnay funotum in a triple aeriee whoee terms tie of this nfttaie, 
mhsTSMthesolvtio&of onrpioblem ^ 

• r y 
where A^^^y is the coeffioieiit of the tennin JC.y^yin tfie ezpMunon 
and ihe sttmmAtion is taken over the iniBnite munber of poeiiive 
coots of the equations (6). 

In the case when the' initial tempeiatuie is constant and equal 
to V|, this ezpiession simplifies, as in 1 60» and we have 

If e is so great that in each of these series the terms after the first 
may be neglected, we have 

t^r (a(ai*+A«)+2A)(fc(i8|«+*«)+2*)(c(y,«+*«)+2*)- 
In applying this solution to the case of the cube, we have 

wheie JCi»cos uiX-i — sin uiX, 

y^soos a,y H — sin aiy, 

wfd Zj =acos ai«H — sin a^s. 

ai 
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TheieCoie, if «| and i^t ue the temperatures at any point at l| W 
^«ie^i*(«i-ii), 

Henoey k having been found by other means, ai may be obtaine 

But tanla^aa--. 

. «i 

Thus we have the value of A. 


CHAPTER Vn 

THE FLOW OF HBAT IN A .PIBOCTLAB OTLINDBB 

^6 haya seen in 1 6 that the equtum of oondiiotioii, wtai 
aqnMBed in qrlindrioal co-oidi]iAtes» beoomas 

I dv . fVv ,ldv , Wv , Vv\ 

U ft dxonlar cylinder whoee axis ooiiioides with the axis el i ii 
hasted, and the initial and boondaiy conditions aie independent d 
the coordinates 6 and z^ the temperature will be a function of r 
and f only, and this equation reduces to 


dv (Vv , 1 dv\ 


In this case the flow of heat takes place in planes perpendioilsr 
to the axis, and the lines of flow are radiaL 

When the initial and boundary conditions do not contain f > 
the flow of heat again takes place in planes perpendicular to the 
axis, and the equation of conduction reduces to 


3t;_ (Vv I9v \ i^v\ 


Again, when the initial and boundary conditions do not eontsin 
0> the flow of heat takes place in planes through the axis, and the 
equation of conduction becomes 


dv (dh) , 1 dv,dh)\ 


can. US 
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51 iDfliiito CWindAT. Mndj Tsmpeiatim. 

If tiie solid is a hoUow oiioular oylipder^ whose inner and outer 
ladii are ti and r^ and the surfaces are kept at the ooiutuit 
tempezatores Vi and v^t ^ equations for the temperature beoom« 

v — Vi, when r«r|, 
and t^»v,, when r»r,. 

Thus y(^l'-^|)^Qg^+^ i\og^t-^t^Qgn ,> 

logr,-logri 

If tiie qrlinder is sdid and heat is* supplied by an eleotrio ounent 
of constant strength passing through a uniform straight wire cob 
ciding with its axis, and the heating has gone on -long enough for 
tiie steady state of temperature to be attained, the rate of flow 
of heat out through any concentric cylinder is equal to the rate 
at which heat is supplied to the wire by the current. 

Thus» if J7 is the heat supplied per unit length per second, and 
JET the Thermal Conductivity , 

or 
Therefore on integration we have 

9^ and Vg being the temperatures at fi and ff 

But J5r«/*«, 

/ bdng the strength of the current and R the resistance. 

Thus 2TJr(t;i~t;,)=/*«log^.» 

8S. EoflnHe CWinder. VariaUa Ttoiperatuze, 
Let the initial temperature be given by t;»/(r) and let the suifaoe 
r*^ be kept at a constant temperature, which may be taken as 

»t . - ■■ ■■■■' ■■ ■ 


'M9)- 


•a. Mircn, Ltmitm, ProcB. Boc^ 7(1 (a), p. 84, 1906; LMi» ZomlofH FA^ 
fVvmt. Jl. Aie., S04 (A), p. 483, 1905. 
tH tlw eoDftant lutfaoe temperatiire ii v«, wo may ndnoe this to Um oa«e ol 
tempwatnre by patting v^v^-k- w. 
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Tlw eqofttionf for « an m fdbm : 

vtmO, when f«a» 
and . ^^f{f)f wh«a l-sQ. I 

^ U we pot va.0-«*tu, when u is a fonotiaa ol r 011I7, Umii we { 
mwthaye ^, 1**. t a .. 

3?+f3r +•'•*-«'; 
wbioh is Beesere equation of oider jseio. 

Afe the eolation of the aeoond kind is iiifimte at faBO, the parl^^ 
integral of the temperature equation suitable for oarproUem m 

where J^{x) is BeaseFs funcrtion of order sero of the first Idnd.^ 
To satisfy the boundary condition a must be a root of 

Jt(aa)=0. 
It IB known that this equation has no imaginary roots or repeated 

roots, and that it has an infinite number of real positive roots 

Also to each positive root a there corresponds a negative root ~a.t 
If /(f) can be expanded in the series 

vthe conditions of the problem will be satisfied by 

Assuming for the present the possibility of the expansion^ and /I 
that the series can be integrated term by term» we can obtain the /r 
values of the coefficients by the help of the two important definttef/i 
integrals to be discussed in the next section. I 

^Fbr information m to the BeMel'i fanotions see Appendix I. 

tor. Qtay Md Mathewi, Bessd Funetiant, Gh. V., 1S05; Wttteon, TUorp 
ff BesHl Functiaiit, CIl XV., 1022. This important work hat been paanng thiongb 
Um prow at the same time aa my own. I am indebted to Profeeeor Watooo for 
the ref erences to it here and in the pagee which follow. 

$For a disonsiion of the possibility of expanding an arbitrary lonotion in a 
leries of Bea8el*s f unotions, see Hobson, I^udou, Proe. MiUk. 8oc. (8er. 2)» 7» 1900 ; 
Hoon, Trans. Amer, Malh. Soe., 10, 1009 ; IS, 1911 ; and SI. 1920 ; Young, Lomion. 
iVoe. Math. Soc. (Ser. 2), 10. 1020. The subjeot is also treated in Dini, Serie §i 
fminr, pp, 240-269, 1800, and Ford, Sivdies in Dtvergenl StrUs and SummMlitp^ 
Cb.V.,10lO. 


116 FLOW OF HB4T IK A OIROULAR OYUNDBR 
S8. She iBtecndi 

J%J.(«r)/.Or)A' and l%(J.{of)y^* 
Fiitfeiiig'i(«>/,(ar) and ««>/«(/8r), w« have from Beoad'i eqiMtka, 

l|(,*)+((9._^._a 

n- (^.•)j;U-j;[.^(.S)-.|(.^]* 

and tills TuiislMB when 

«/.0*»)^'M-i8J^.MJ.'(/ft»)-o. 

: Thns when a and j8 «M two diffecent positive roots of 
(i) J,(oa)-0. 
or (n) /,'(aa)-0. 
or (iii) a/.'(aa)+AJ,(aoHO,— 

J'fJ,(ar)J.(/8r)<lr-0. 

Integiate by parts and it follows that 

: 2««||fu««lr-[f»(^)*+{«V-n«)««]V 

^Iht «Mi¥«rg0iiO6 of tha intognU wheo rmO reqnirai that the real pftrtolt 
shall be greeler then - !• In the applioatione of these integmle In the text «• 
■hell be dealing with • real end not le^ than lero. 


webava 
Again, liiioe 


o 
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Ihenion . 

J%(J.(af))»*'-^[a^i,«(>,'(«a))»+(aV-ii^(/,(*i)W 

-f [(/.'(•a))»+(l-^)(/.(a«))»]. 
Ihu (i) whaa a is » soot oi J«(aa)— 0,* 

]V.(«r))»A'-^(/.'(oa))»; 
(u) lAflD a is a lool ol /,'(aa)-0, 

and (iii) wlum a is • root of aJ*'(ao)+A/»(aa)iBO, 

|%(/.(ar)y««lr-^,(a«*«+(a^a«-««))(/,(«a)J». 

«7. fiifliitta Qyliodw (ooiKuhmJ). AMliMtioni d (Imm bftgndi. 
We in»y apply these lesults to the case of thei Infinite CySaada, '' 
aimming the possibility of the ezpansioos needed in eaidi'eaM^ 
and that they may.be integiated term by tenn.t 
I. Suffaee r=a.at temperature tero. InitM temperature ^*if{r). ^/ 
Inthis'caseweliake 

/(f)-il|J,(o»f)+ilr^,(o,f)+... , 
when ai, at ••• ate the positive roots of ' . 

/•(oa)--0. 


Thus 
Mnce 
• But 


I 


TheiefMe v 


^.J%(^.(a.r))«dr'-|%/(f)/.(a.r)dr. 

J%J,(a«f)J.(«.f)A-0. 

J%(J.(o,f))«dr=|*(/,'(a.a))« 


*It it known that the roott of thii oqnation And the othen in (il) ai 
>n all real and not repeated. Cf. Watwm, ^. cil., M 16. 88,* 1ft, SS, 

tFor a move ligoioiii tieatment of eome of the pvofaleine named in lUs i 
*nd the next» lefeieaoe may be made to. Moore'e papem la Trtmi* Amtr. Jfeft* 
'Mp 10. 1900 1 It, 1911 i and 14, 1918. 
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n. Swfaef ftt imptmmu to Aeert. ZmAmI UmpgnOwrt o<>b/(^ 
In tiiia case W0 take 

/(f)-4tJ,(a,r)+^r^,(a,f)+... , 
^i^MN aii tti, ... an the positiT» roots of 

/,'(aa|=0. 

Tli«i, «nce |V,(a,r)J»*-|V.(a.a))». 


we have 


«• fV(r)/.(«.f)A' 


vni. Badvaum aJt surface r=a into' a medium ai zero tempemhin. 
InUiai iempenUure t;=/(f). 
In this case we take , ' 

where ai, at» ••• are the positive roots of 

aJ%{aa)+hJ^(aa)=6. 

Them since f%(^(a,.f))**«of •(**+«n«)(^(a,.a))*. 
2 - a,»f'f/(f)^.(a.r)*- 

tV, Surface r^a ai zero temperaiure. InUial temperaiure v^f{r, 9\, 
In this case the equation of conduction becomes 

and the expression e*««Vn(af)(il^cosnd+B«8inn0) 
satisfies this equation^ n being taken integral as the temperaton 
is'periodic in with period 2ir. 
Now take the Fourier's Series for f{r, d), namely, 

f(r,e)^'^{anCO%ne+b^Bmne), . 
where a,= - T /(r , 0) ciDS nfi ifi, (n^ 1) 

6,= ^r/(f,0)sinnede, 
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Tlieie poeffioifiiits ue iiiiioti0iii of r . Bzpud thflm in ih0 
of Bevel's fnnotioiie of the nth cxdn, e.g. 

m 

lAeie ail a%t ••• » a^t ... , «ie the poeitive roots of - 
Then we have 

ThuB we obtain our solution in the f onn 

m m 


V. Radiaiion al swrfaoe r^^^^ into a medium ai tero 
Iniiial temperature v^f{r, 0), 
In this case we take the Fourier's Series for f{r, 9), namely, 

aemlV. 

The coefficients are functions of r . Expand them in tho 
of Bessel's functions of the nth order, e.g. 

iriien oi, at, ... ate the positive toots of the equation 
a/,'(aa)+W,(ao)=0. 
Then we have 

<>■ 7 ^TF fT /(n«)coB«Af,(«.r)rArrf9, 


—7 — ^^N — rr^<''*>* 

Ta«(a,»+*«-y(J,(«.a))«-'»J-^ 

; ^'\' r r /(f.e)«in*fi/.(«.f)nlrrf9. i 
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•°d v-ggM.^.oo•^l»+5|^.«ll«»)J,(a.f)«— .*«. 

"n. Surface fa at ten. Initial temperaiun V'-f{r, $, t). 
In this oase we have * 

dv (d*v 1 dv, 1 d^,d*v\ 

Mid *-'^'^*J»iMr)^n6'^az 

Bin Bin 

18 A partfamlar int^giaL 
Now ejqpand f{r, d, z) in the Fourier's Series 

The coefficients a^ and &« Are functions of r and s, denotedbj 
F^{r.z)9aiA0n(rrZ). 

Expand these functions in the series of Bessel's functions giva 
by the positive roots of 

and let F^{r. z) =S^n(«)/i.(Mr). 

On{r.z)^'^ylfn{z)Jn{Mrh 
FinaUy, take the Fourier's Integrals for ^f^{z) and ^ii(s), namelj, 

Thus we get our solution in the form 
^^--SSfr «-^-+'^>**^iiM[^n08)cosn9+V^.(i8)sinii«] 

W 0, ii«OJo J-« 

Xcosa(i9-«)(iadA 
the summation with regard to ^a being over the posirive roots of 

VIL Surface r^^ qi v^F(d, z). InUial tmperatufe v^f{r, 0, f). 
As shown in §9, we reduce this to the case V,, and a proUem 
of steady temperature, by putting 
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aaddiooiiiig «» a fonotiaii of r, 9, and i oiity» to Mtiify 

u»/(9, s), whai f — aj ^ 

IP— 0, when r«-a,. 

To find u we expand F{0, t), tm above, in the Fonner^a Seriea 

as.and &» being in this oaae innotiona of s, whioh we denote bj 
^(f) and ^«(a). Then we take the Fourier^a Integiala for ^(a) 
iiid^«(a), and u ia given by the equation 

xooaa08-a)da<i3. 
To find w we proceed as in VI. above. 

68. SemiJnilnite Ojiindif • Steady Ttoipeiitim. 

Let the axia of the cylinder as before lie along the azia of a and 
let its base be the plane z^O. We shall examine first of all the 
oase of steady temperature when the base is kept at temjEMmtom 
•V »/(f ) and radiation takes place into a medium at aero temperatom 
St the surface r^a. When we put/(f)sVt the solution of this pro- 
blem will correspond to the exact discussion of the Flow of Heat 
in a Rod which has been treated in § 20, with the assumption that 
the cross-section is so small that the temperature over it may be 
taken as equal to that at its centre. However^ when radiation . 
takes place at the surface, there muat be a flow of heat outwaide 
from the middle of the rod, and the assumption of Linear Flow 
of Heat serves only as an approximation to the actual state of 
^Sairs. This approximation is admissible when the emissivi^ 
is poor and the conductivity good.* For this reason the Bur 
Methods of determining the Conductivity are employed only for 
good conductors. We have seen in § 62 that in tiie case ci poor 

• Of. Peek, PMI. Ifog., Xofui(m (Smt. e), 4. 1902. 
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eondvetoEs experiments haye been oonducted on oubioal bla 
of tbe sabstanoe, and in §§ 6S, 66 we ahaU find that cylinden a 
spberes may be employed for the same purpose. 
' In this case (^steady tempeiature the equations for i; are 

1 d / 9t;\ SH; 

fS^(''a?)+a?*Ov (0<r<a; 0<.) ......... 

^=/(0i when «=:0, 

g^+Av=0, when f=a ,j 

The expression 6-^Jo(af) 

is a particular int^^ral of (1) and satisfies (3) if 

aJi(aa)+Wo(aa)=*0: ; .,....| 

Thus we take /(f)«ili/.(a>)+4^.(a,f)+... , 

^^"^ '**''SMP+^!^^ <^'- 5M (2)) 

When a is nnaU, the roots at, a„ ... increase rapidly, and we may taks J 
9 the first term in this ezpanaioii.* 

XVirther, if a,\i« may be nef^eoted» we haye 

Jt(ata)«l and J/(a|a)« -|ata. 
Theiefof^ from (4), -iot^+*«0/ 

■ -V(?)- 

It will be noticed that this requires oA to be small, and that we obtain i 
^t to this approximation tbe vahie F when/(r) is constant and equal to 1 

Thus we have i» = F«''^V^/ ' 

smd this agrees with the solution of 1 20. 

60, Semi-bflnUe Cylinder, Variable Temperature, 
We shall examine first the problem of the Semi -Infinite Qyliudi 
given tliat 

f^a:/(f, 9, 2) initially, 

vdA vssO. when f^=^ and %^^. 

■ • / *• 

^ -•€! WaUnn, foe. tk.. HIS. 23, IS. S2; Moore, 2VoNi. ilmcr. MoO^ 8t 
"^ 19, p. S97, 1909. 
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In this oaae W6 fUrt widi the ttinmiioii 

rbidiMtiafiM l^""^^*^* 

nd also the ■lufaoa conditions when «bO and fa-o^ if /«(/i«)»0. 
Now expand/(f, 0, z) in the Fourier's Senas 

2J («!• cos fie+6„ sin lid), 

^ and bn being functions of r and z^ denoted by /« (r, s) aiidO«(f,s). 
Then expand /^(f, z) and 0«(f, s) in the series of Bessel'sfiiiictioos 
iven by the positive roots of 

Qd take Fourier's Sine Integrals for the coefficients ^(s) «iid ^ii(c) 
[ the terms in these expansions. 
In this way we find the solution in the form 


=!?SloL 


e-(*'+i.')ij^(^r)[^08) cosnd+^.O) «n««] 

lie summation with regard to jjl being over the positiye roots of 

J„(/ua)=0. , 
If the temperature st the surfsoe ii given by 

• ■•Xt(^*)» whenfaO, 

»»Xt(*»»)» when f=a, 
ad If v«y][r, ^, s), whenlsO, . 

e proceed ae in | 9 to break up the problem into two» the one being a osn 
f iteady temperatur^ and the other a oaae of variable temperalnn^ ,Is 
le Iteady temperature problem we have 
VH*=0, 

««Xi(n^). whcn»=0, 
uszxt(0$z)t whetar^a. 
Then we put «««! +«» and chooee %, «| to latlefy 
V%«0, 

Dd VH»,r=0, 

«,s0^vlienssO» 
«t«Xt(«.W-«H»whenf-a. 
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whew ^-.V(i*+f^-8rKoot(tf-^)) Md ^(t)Mid^.(f) are tiwooei^^ 
tiieFoiiriec^s Series 

««• 

Tbe TMUble temperature problem is the same as that disCTinscd in tU 
fotmsr part of this article, the initial temperature being. 

90. Finite (Miikter. Sulaoe at Zero Temperature. Initial Ibm- 
petataref(rt0,B). 

The equations for the temperature are 

-^=ifV«v, (0<f<a,-.K«<0, (1) 

^^Ar,e,z), when <«0, .,(2) 

and v«0, when f«a and 2a ± I , ..(S) 

The expreeeion 

« ^ ** ^ /•(Mf)^ndsm-^(«+I) 

eatiafiee (1) and (3), if m is any integer and ;a is a root of 

/n(/ua)=a 
Now e]qpand/(f» 0, z) in the Fourier's Series 

S(a,coend+6,sinnd), 

a^ and 6» being functions of f and 2, denoted by F«(f, s) and 0»(f» f)! 
Then eiqpand F»(f, z) and 6»(f, is) in the series of Beesel's functioni 
pven by the poeitiTe roots of J^(jjid)^0, and take the Sine Series, 

whose terms are the smes of multiples of ^ (^+i)$ for the coefficients 
in this series. 
In this way we find the solution in the form 

• HeiM, HamOiiek im Kiig^mtOioHm (2. Aufl.), Bd. IL, |S7. 
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iBil a gjmikg «gpg6iaion holdi far J^i^s^** ^ ^^'^ 

If tlM tempewtara at the foifAoa If glviii bgr 

we hftT^ M before, to ooniidar the liMdy tempenluie p^^ 

'wtee i*-Xi(*»»)i '^*^^-«» 

and i*»Xi(^*)» v*»«'»--'' 

Tliie may be idTed by taking 

where Hi eatlifiee VNii"0, hM the giTen Talne at f»a» end k leio nt «« i:|» 
with limiUr conditions for the othere. 
In thii way we obtain 

wiieie it.,, and B«^« are detenninod by the eipMirion d xi(ft ») • 

AIM) iH-S £''^|r^'^-(^)<^^-«»*« +«iH- *!•«)• 
where the eammatlon in fi is over the podtive roote of 

and it^., B^,n ^e determined by the expansion of Xi(rt 9)- 
Similarly 

wlMn^i,^., £m.» ue determined by tiie expMukm of Xt(r. 9)> 

9L finite Oylinto. Badiatton. 

U, in the cylinder of § 60, tadiation takes place at all the i 
into a medinm at zero temperatoie, and there is an arbttzaiy initial 

•Cf. Heliie, toe. eO., Bd. IL, 1 81 ; when »= 0, «» expretdon ta to he hrt»ed. 
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tonpezature i;-/(f. 0, z), we have the f oUowing eqaations forihe 
tanpezatiue: 

jr^'^'^^ -: •• :-M,(i) 

v^Me,z),wiimt^o, (2) 

g^'+Av«0, whenr»a, ,,,(j) 

g-+Av=0, when««I, „.„(4) 

and ^3^+*^""®' when ««— I Mt«.»..(6) 

Pat 9-iii +IP, where u, u^ satiflfy (1), (3), (4), and (6), and 
t*«J{/(r. e, «)-/(r, ».-«)}, when «=»0, 
•nd w»Kf(f, «, «)+/(n e, -2)}, when t^O. 

To deteiinme u we take the expreaeion 

8inX«^ndJ,Cuf)e-«<^'+i'*)^ 
This BatisfiieB (1) and (3), if /a is a lopt of 

MJn(M<^)+hJn(M(^)^0. .,..,(8) 

Further, it satisfies (4) and (6), if X is a root of 

XoosXl+AsinXl=0 (7) 

If we then expand the function 

, . l{/(r,e,s)-/(f,e,-s)} 

in the senes, 

]^ S 2jMx,^,»co8n9+Bx,^,nMnnd)sinX« J»(/uf^ 
M IB pven by the equation 
, ^«5 ^fl{AK,^nCOBn0+B,,^nfAnn9)Bm\zJAfir)^^^^ 

tlie summations with r^ard to ^i and X being taken over thepositivi 
loots of (6) and (7) respectively. 

To determine w, we take the expression ^ 

coB\z'^fi$Jn{fir)e''<^''''''>'r 

sm 
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mil A^ X'l aie Jhe poaitive looto of 

Aco6M-XmnX{»0. • 
Ike funofeioD J{/(f, », f)+/(f, ». -f)} 

b ihfln ezpandad in a serieB whose terms aie ol this type^ end 19k 
gimi by the equation * 

. i»-5 S iiMx.|^•cos••«+5x.,^••in••^)ooeXf J,(Mr)e-<^^^^^ 

tt. Itoe Qenoial PtoUems on flie CWindir. 

The methods of the preceding sections may be need in dealing 
with the hollow cylinder, or the sdid in which the bounding.smfaoe 
is formed by the cylinder (or ho!low cylinder), two planes through 
the axis, and one or two planes perpendicnlar to the axis. 

It will be sufficient to give here the solutions of the following 
l«oblems of this kind : 

I. Infinite HcUow Cylinder. Surfaeea r^a and r »& hejd ai zero. 
Initial Temperature f{r). 

In this cade we have 

dv /dhf,ldv\ . 

^-^id^^-^-rd^) • <*> 

If we put V -e^«*<ti, where u depends on r only, the equaticm for 

sis 

or BessePs equation of order sero. 

•As the range of r does not extend to the origin, Bessel's functions* 
of .the second kind are not excluded. Instead of introducing Hke 
function Y^ (cf. Appendix L, §2), it is better to take the function 
H^\ where H^^'>^J^+%Y^ (cf. Appendix !.,§*), aince HJ'^{z) 
vanishes at infinity in the upper part of the s-plane. 

Let PoM=/oMi5ro">(a6)-/o(«6)^o"*M, (2) 

where HQ^^^{r) is this solution of Bessel's equation of order aero. 

Then VQ{ab)^0 and V^(aa) is also zero, provided that a is a 

"^ 1^' Jo{aa)H,i^ab)--J,{ab)H,^Haa)^0. (8) 

This equation has no imaginary or repeated roots, and it has 

• Cf. Heine, loe. cU., Bd. II.; { 83. 


128 FLOW OF HEAT IN A OIBCUhAR OYUNiOBR 

an injSnite number of x^ roots. To every poeitiye root a thn 
oorrespondB a negative root -*a.* 
Fiirtiier» we hayoi as in { 66» 


r- 


ft^,(ar)l7,(j8r)<&— 0, .(( 

wliece a, /8 an two diffeieat poritiye looto of (8). 

^ j;,..v,*-^[(,f.)i: 

But 

2» 


•^.(*) ^B.^M-HiH») S-^.W'^.t 


^TIm eqnatiiNi C^«(aa)sO it the aaine m 

^.(-.Aw{^-i^>}.<. ^ 

The rati looU of this aquation am known [of. Qt%y and Uathewa, <e«, «i 
j,a«(Ti)J. 
To ■hoiT'tliat there are no pore imaginary raote, we aee from Appendix 1,,% 

*"** *r,W=2/,(x)tlog./2+-y)+(«/2}»-j^(«/2)«+.... 

ia Mel, wImh » is reaL 

Tkatttfon y ia a eontinnally inoreaaing fnnotion of ». 

ItfolWwatUt ^-i^h 

«Miiiofe hSTa Miy pare imagiiutry root. 

Again, wo know that ■'*■■' 

^ a, /I are diffwent roots of U^(aa)ssO. 


Thna I7«(aa)sO oannbt have an imaginary root of the form Xi 
(eL 186. Pa 78). 

The equation C/«(aa)=0 can be treated in the aame way. 
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Ako 

Therafoie we lutve 

)/^«'<°''^^"i??i \y.«(aa) } <•*) 

Aaranung ihAt/(r) oaii be expanded in the wniM 
iixl7,(axf)+i*tt^t(arf')+... . 
•nd that the series oan be integrated term by teim, we haTS, faom 
(4)and(6), 

\rf{r)U.(ajr)ik 

J^fl7,«(a.f)dr 
ThuB we are led to tlie soltttioii of our problem in the f ocm 


•^T 


the Bummatioii being taken over the podtiye roots of (8)* 

n. Infiniie Cylinder. The efface r^^^ and the jiUmee 0—0, 
i^O^keptaizero. Initial temperature f(r,0). 
In thia case we have 




•nd /«,(of)Bin-^-66-'»"* 

IB a particular integral of this equation. 

Also the conditions at r=a, 0=0 and 0»0^ are satisfied, provided 
that m is a positive integer and a is a root of 

J«j(aa)=0. 

can. I 
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Bzpaiid/(f , 0) in the Sine Series 

the eoeflScient a^ being a function of f» say F^{f). 

Then expand F^(f) in the aeries of Bessel's functions given by ti» 
pofiithre xoots of Jmm(M)^0. 

hk this way we are brought to the solution of our problem in tk 
f osm 

wlien 

•'• * 

the saminatifm in a being over the positive roots of 

The sohition for the wedge given by 0aO and 0»00 can b 
deduced from the above by letting a->oo . Gf. ^.69» 90. 

in* Finite OyKnder. The ends z^±h ihe jJanee 0»O, Om$^ 
amd (he murfaee r^^^^ kept at zero. Initial temperature f{r^ 0, z). 
In this case we have 

and a particular integral of this equation is 

^-(^'+'^)V^{Xr;sin^dsin^(a+0- 

Also the conditions at the surface are satisfied if ni| n. are poaiti! 
integen, and X is a root of J«^(Xa)sO. 

H 
'Baqpeodfiff 0, z) in the Sine Series 

^a,sin^d. 

'Om heing a function of r and z, say Fnir, z). 
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ThiB ezpud J^^Cr, t ) in the Siiie Seriet whote tennsaie mnUqplM 

oi g(*+0* ^^ ooeffioiento of thk ieci«i will be fonctioM of r^ 

^Finally expand Fm,m{f) in the leriee of Beead's fnnctiona given 
by the poaitiye looto of /^(Xa)«0. 

In ihia way we are led to the adution of oar problem in the form 

where ^^.^^^a^t6.(J^^(Xa)y 

xj*j^j'^^/(r,e,«)ain?|f(«+l)ain^e/5;(Xf)fi^ 

n. Determlnatioa ol iSm Oondnetlfitr liooi QyUnctai. 

The reaulta of the last aections can be rednoed to a aimpler foim 
when the initial temperature ia constant. We proceed to w*w*tti^ 
thiee cases which lend themselves to experimental inyestigationu 

I. Initial temperaiure v=^v^ RadiaUon at r^a^ z^±l inio a 
mMum (U zero.* 

In this case we take the expression 

cosX«Je(Mr)€-«<^"+'»')<, 
which is a particuUr integral of the equation 

This satisfies the surface conditions, if X is a positive root of the 
•q^tion *coslX-XsiniX«0 

and /A is a positive root of fjJt(f^a)+hJQ{jia)^0. • 

Now, assuming as before the possibility of the expawriona, 

l»il|CosXi2;+ilsCosXt«+«** » 
l««iJ^6(Mir)+fii/oW)+... . 
we may obtain the values of these coefficients by integration. 

* Weber, H. F., Aim. Pkynk, Leipzig (N.F.), IS, p. Ill, ISSOi 
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To deteimiiie ill, ^11 ... we first show that 

J cobX«0CobX««iIs»O (m^n), 

"ij J (coa (X«+X,)»+c<» (X.-X,)») <fe 
2(X«+X,) ^ 2(X«-X.) 

COeXjcOSXal ,> . V I V X X n 

•bO, since XtanXl>sA. 
. Abo j* co8*Xwe<b!"i|' (l+oos2XwE)<b 

-l+gi-Mn2X,l. 

ISierafora, on mnltiplying b7 cos X«2 and integiating, we have 

J 4BinX«f 

'*-"'2X,i+8in2X,r 

To determine Bi, B^ ... we have ' 

, Jq Jo 

Bntnnoe 3j;i/.0'««')+;3;«^«(M««')+/uV,(M,r)-O, 

weliftTe 7'.*J ♦'•^•W)*— -J ^(«'3^J't(A«ii«'))*' 

« -Ai^,'(Ai,o)=o»/,(/u,a), 
Also we have seen (§ 66) that 
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Thus we have the lohitioii in the form 

X|p Xn ... f ud /ui, /ut» ••• being the positive rooto of the eqnntiooi 

AooslX-XiinlX->0 end ^i/o'M+A/oM-O. 

FortheTi if we teke temperetnze zeedin^pi after a oonaidKabk 
ttme, we have approximately 

v^^^iBi COB Xia/oW)*"*^*''*''^** 
Xwo obaervations ^i, v^* at the same p<unt at times ii^ t^ ghre 

?l-ie«<*»'+'H«)tti-li); 

sod ic may be determined, h being supposed known. 

IL /mWo) iempenUur$ v^v^ Badiaiian ai sa±) ifiio a m e iium 
9t uro. Surface r^^'^ kept ai zero.* *^ 

In this case we have, as before, 

j v=t;0(i4iCosX|««-'^«^+...)(J5i/oW)«'"'^+.-)» 

where X|, X|, ••• are the positive roots of 

AcosiX— XsinlX^O, 
and /Ap Ms* ••• are the positive roots of /o(/ua)aO. 

f^ ^ ^«" 2X,t+sin2X,r 

Approximating as bef orCi 

sill from two observations at the same point we obtain tiie vahe 
of IT, h bdng supposed known. 

JEII. Jnittal teffipenilufe v^v^ Surface z^-^l kept ai zero lesi* 
ftkaiure. Radiaiian ai s»+l and r^==^ tnida medium ai zerajf 
In this case we start with the particukr integral 

r ■ • sinX(2+0/e(Mr)«-^'-^'*'^ 

* Weber, H. F., BtrUn» SittBer. Ak. Wiet., p. 478, 1S80. 
t BegUnger, BerUn, Verh. Ver. Oewerdfi., 46, 189S. See ako Hell, PAyiie. Hee., 
/ttoco, N. Y., 10, p. 297. 1900. 
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The Boi&oe oonditunis am satiafied if X and ^ *te giyen by tkt 
eqvatioDa Xooe 2X1+* ain 2X1=0 

and ftJt{na)+hJt{tto)'=^. 

Thoa we have the aolutkm in tiie form 

vx^tUi tin X,(»+0«"**'''+'")(J'»J'«0*i«')«"'*'*+...). 


2» 


■^11 


«iidXt>*Xt» ••• f Ml* Mt» ••• are the positive roots of the above equatioQi.^ 
Approximating as before, 

\«MA8inXi(«+Z)/o(/uir)«-«^^»'+''»^. 


GHAFTBB ym 
THE FLOW OF HEAT W A BPHBRB AND GONE 

We have seen in { 6 that the equation of eonduetioii, when ex- 
praued in apherioal pdar oooidinatee, beoomei 

In the ease of Flow of Heat in the Sphere, when the initial and 
loiface conditions are suoh that the iaotheimal iliixfaoes are oon- 
oentricf Bpheres, and the temperature thua depends only upon the 
oooidinates r and t^ this equation becomes 

dv /dH>.2dv\ 

On patting U3=tv, we liave . • 

du S^ 

Steady Temperature, 

If the solid is a hollow sphere, of inner radius r^ and outer ladios 
ft, we have u»tV9 

when ^=0, 

•ad u^Viri at r^fu 

iist^ifi at r^r^ 
the temperatures of the inner and outer surfaces being V| and p^ 
Therefore ^J'^r^(r,-r)+vMr-r^)^ 

iss 
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Variabh TempenOure, 

Let the sphere be of radius a, snd the initial temperatuie be 
fpvtoi by v^f{r). If the suifaoe is kept at ist constant tempezaton 
v^ the equations f or u are as follows : 

-gf«icj^, (0<r<a) 

* . u«0, when r=0, 

. u»avp, when r «a, 

and %^ u==i/(r), when <=aO. 

These are the same as the equations we obtained for the case oi 

a rod of length a, whose ends are kept at temperatures zero and w^ 

its initial temperature being i/(r). The problem of the qrmmetrical 

-distribution of heat in a sphere of radius a is thus mathematioally 

the same as that of the flow of heat in a rod of length a. 

The case of a hollow sphere can be discussed in the same wa]^, 

68. Sphere. Radiation at the Snrlaoe r=a into a MMium at 
Zero Tempemtore. Initial Temperature l(r). 
In this case the equations for i; are asioUows : 

f 5-+At;=0, when r^a^ (2) 

aoi t;==/(r)» when *=0. ; (8) 

ratting u^w^ we have 

> ^--c^. (0<r<a) (4) 

!, u=0, when r=0, (6) 

g+(A.l)u«0, when r-a, ,..•. (6) 

and u=:r/(r), when f=0. .' •.... (7) 

The problem is thus reduced to that of the flow of heat in a rod, 
one end being kept at sero temperature, while at the other end 
radiation takes place into a medium at zero^ 

Proceeding as in { 36, we consider the expression 

^ sin Of. 
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m 


This MtiifiM (4) and (6) whatevar a msy be, and it M«ii8M (6) 
if a IB a root of the equation 

oo oos aa+(dA— 1) sin oa»0. ,.(8) 

To find the nature of the roots of thk equation put 

and we see that they oorrespond to the abeoiaaae of the oaminon 
points of the curves 

ifatan^ and i|»— ^» 

wheie ji=a*— 1 > — 1. 

The roots are thus symmetrioally situated on the aads of ( with 
zegaid to the origin. When —1 <]» <0| they lie in the intervab 
(0> ir) ' (^1 f ▼) : ••• > <^ approach i(2n— l)ir as n increases ; when 
0<p < 00 , they lie in the intervals (}ir» w) : (}«-, 2t) : ... , and 
approach }(2n— l)ir as n increases ; and there are no repeated roots. 

V 



Via. 8. 

Further there can be no pure . imaginary root of (8). For^ if 
poBsiblei let oa^ifA, where /u is real. 
Then JP(M)»/u+(a&-l)tanhM»=^0 and F(0)^0. 
Also F(MHl+(a*-^l)sechV 
But a*-l>-l. 
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TheieEoie F'(fA) never vaniahes, and J(/a)»0 Im no othtoxeal* 
loot than jsero, 
Abo, there can be no imaginaiy roots of the form Xdb»/u. 
For, if possible, let a»X+t/i be Buoh a root 
Then a'«X—tM must also be a root. 
Then since F^sin ar, 

F'«sinaV, 

satisfy ^+a«F«0 and ^+a'«r«0, 

wehave («'-a'«)|;Trdr«[F^^^ 

But F, F' satisfy (6), and therefore 

I sin (X+tM)f'8ii^ {\'-'ifA)rdf==0, 
and this requires that 

I (8in*Xrcosh*/uf+co8*Xr8inh*/ur)dh'aO, 

which IS impossible. 

We have thus shown that (8) has only real roots, and that Hhm 
are infinite in number. 

liCt a|, Ofi ••• 

denote the positive roots in ascending order. 

t> 

Then the series Y^A^er'^^^Bmajr 

satisfies (4), (6), and (6), and win satisfy (7) if 

Afwwniing the possibility of this expansion and that the seiie 
may be integrated term by term, we can obtain the values o{ t&eo 
oocfficients as in { 36. 

^ On tha poMibUity of this azpuiBion, mo Focd, loe, eiL, p. 144. 


Thus 
Thus 


FLOW OF BEAT IN A SPHBRB AND OONB ' ISO 

We fint show that 


I 


f . , J a o'a.«+a*(a*-l) 
^ J, ««*«^*-2 a*a.»+(aJl-l)' 


Tfa«M follow at oooe by integtBtum. For 

ind thiB vanishes, since Opi and an are roots of 
tanao __^ a 

Abo rsin«a«r<lr==~r(l-cos2a,,f)ilr 

a sin2ana 
"2"" 4a« • 

. . o 2tana»a 

Tlierefore ]^sin«a,rdr«^g ^»^^i+(aA-l)« ' 

Hencei a m i iwiBg that 

ff(r)^Ai sin Oif +ilf sin a^+... , 

we have ilnr«nn«a»rdr==r f/(f) sin a^fdr 

Then the solution of our problem is 

l^^ JUL u^^Ane'-^^^eina^^ 

which givei» 

,=ly .^E^±^*^^(P ry(OBm«»r'dr')aina.rr-.\' 
«rifefo»a,«+oA(a*-l)\J« •'^ ' ^ -^/ -,^- 
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This iolation has been applied to the problem of TeneBtml 
Tempecature, the ioitial temperature being oonstanti and tin 
ladins 9! the sphere very great. The solution of the problem oi 
radiation in the Semi-Infinite Solid with arbitrary initial diBtri* 
bution of temperature may also be deduced from the result oi 
this' article.* 

86. AvpUeation (0 the Determination ol the Oonduotivitisi d 
Foov Oondootors* 

The expression we have just obtained for the temperature k 
a sphere cooling by radiation at the surface converges so rapidly 
that when a sufficient time has passed the terms after the first may 
be neglected. This gives an expression suitable for numerical 
calculation, and it has been applied in different experiments when 
the initial temperature of the sphere is constant. 

For example, a ball of the material to be tested is immersed in 
a bath at a constant temperature V for a sufficient time to allow 
the whole ball to acquire the temperature of the bath. It is then 
removed and allowed to cool by radiation in a medium at constant 
temperature. After the cooling has gone on for a certain tiinei 
observations of the temperature are taken. In one set of experiments 
these readings are for the temperatures at the centre and the surface. 
' In another set of experiments the temperature at the centre alone ii 
required. 

With the notation of § 66, 

i;=s-i e-««i^ gin Qif to our approximation. 

Hence, if i^^^the temperature at r=^a at the time t 
and t?e=the temperature at f=sO at the timet, 

t^j^dnoja . 

Also 5l!4!=fi«e-^%-iD. (2) 

rai* is given by (2) and ai by (1), remembering that < oaj < v. 
Thus r is obtained. 


«GL BiMBAUi, PartieUe JHJfereiUialgkiekungm, 1169-70, Braunaohweig, Mi 
Weber*Rieiii«iiii, he, or., Bd. II., 155. 
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Fuiiheri the origiiuJ eqnAtion for a, namely 
oo COB a0+(aA— 1) am a0»O9 
givetiheyalueofA.* 

Ayrton and Peny used the leooiid method in detennuung dio 
(bndttctivity ol Stone^f The tempecature at the centre at time 
1 18 approximately Aia,e^^. 

-I -.J • 

iBin^airdr 

The»fo>e ^ g&( aina,a-a,aco»a,ax 

* a| No^a— am o^a 008 oia/ 

' a^a— Bin 0|a cob 0|a 
^Ner^, Bay. 
The value of n IB obtained by two obBervationB d the teD[ipenitiiie» 
and n being known, the value of N may be found, Abo a table of 
die valuee of the ezprcBBion 

Bin x—x COB X 
x--mnxcoBx 
will give a| from the known value of 2\r. 
But n^Kai\ ^^ thuB the conductivity ie determined* 

•7. Sphere. Surlaoe r»a at Zero Tempefatnre. bttial Tm- 

P0ratorel(r,(}, 0). 
In thie case the equations for t; are as followB : 

v«/(r»d>*), when «=0, (2) 

t;=0, when r^a. ••« (S) 

Pot v»e-^^, where u ie a function of r, 6 and ^ only, and 
write /u « COB d. 

Then we have from (1), 

* Weber, R., Zurich, VierUHohrseh, Natf. Oes., H, p. 209. 1878. 

t Gf. Pha, Mag., London (Ser. 6), 6, 1878. 
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Now the ZouaI Hannonio P«(/i)» when n is a poeitive intcgv, b 

the ooeflBiGieiit of A** in the eiqpansion of (1— 2/uA+A'r^ and it 
iatMea Legendze's equation, 

5("-'-'D+(«'"+»-i??)-'-»* 

wheie we have written Z> for 7- • 
It follows that the expression 

«,(l-.^«/*2>-P,(M)^m^ 
win satisfy (4) provided that JR,, is a function of r only, and 

This leads US to Rn^i^^T^^nni^^h . 
the solution/.(tt f i)(ar) being inadmissible, as it would make fin tend 
to infinitjr as f ->0. 

We are thus brought to the following solution of (1) : 

t;-e-^(afr»J,+»(af)(l^M^)^/>«P«(M)^m^, (5) 

m and n being positive integers. 
The condition at the surface is satisfied by (6), if a is a root of 

/^+,(aaHO (8) 

If, as before, we assume that/(r, 0, ^) can be expanded in a series 
whose terms are of the form ^ 

(«rr*/n+|(af)(l-M«)*l>-P«(M)3^m^. 

and that this series can be integrated term by term, we can find the 
coefficients in the expansion. 


«By«rly. loe. cU., p. 196 (11), BcMton, ISOS; Wliittaker and Watwm, Mpdift 
AfialpiU (Scd Ed.), i 16. 6, 1020. 

The teoond aolatioii of this equation has an infinity at Btsw^ and it ^^ 
vnraitable for our problem* 
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For, let 

(1,0 suinination in a being over the positive roote of (6). 
Then we have 

Also we know* that 

tad j* (l-/»«)-D-P«(M)i>"i*.'0*)<iM-O. «¥=»'. 
Therefore 

f'_j(l->')'fl-P.W<(l. r/fr. ». ♦)oaii»#i* 

Finally, from §66, we obtain 
II f«/.+,(af)dr I Jl--/««)'J5-'^-(M)««/uf['/(r. «. *)«»«»»*'** 

I 

tn these results ir must be replaced by 2t when m-O. 

Also Ba,ui,n can be found in the same way. 

Thus we are led to the solution of pur problem in the form 

• m**Ofi*0 

X{A^n^nCOAn^+B^^n^m^h 

ih|5 constants Aa.tH,n and J5^,h.« being determined as above, tlia 
Bommation in a being over the positive' roots of the equatioii 


^a Byerly, Uk. eU., 1 106 1 Whittaker and Wataon, lot. eU. (Srd Bd.), 1 10. 51. 
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It hM been abowii la f 9 thaV when the miiiaoe tempcvatoxe is sol ma 
the proUem iii»y be reduced to a oaae of steady temperatnxe, and a otM<tf 
▼aiiable temperature with sero mr&oe temperature. 

When the lurlAoe of the iphere Is kept at i» a J*(^, <^), the steady tempeiitiim 
or potential problem. Is given by 

V%»0, through the ephere, 

^-^•(d, i^X at the surface, 
and we haye* 

wheie the ordinary notation of Spherical Harmonics Is employed. 
The Faiiable temperature problem will then be given by * 

w»/(f, e, 4i)-u, when l«0, 
w—0, when r^^a. 

And the solution of the problem with which we started is 

The eofxesponding questions, when radlatbn takes place at the smfiM^ 
may be treated in the same way.f l 

88. ThaPftrtotilieSpherer-aeatoiitbyfheOoned-do. SoifM 
TempetatmeZeio. Initial Temperatme t(r, d, ^). 
In this case the eqaationa for t; are as f ollowB : 

a? /an; 2at; 1 a/ ,,at;\. i 9h\ 
dt ~'\a?+f a^+H a^iv^""^ ^a;i>'+f"i(r=^ W 

where /u»oo80, (I) 

v=0, when r^a and when 6^0^, (2) 

«=/(f, d, ^), when f»0 (8) 

Prooeeding as in § 67, we are led to the following solution of (1) : 

t;=6-~>fr*J,+j(af)P-Cu)^m^, ...(4) 

where P« **(m) ^ the generalized Legendre's function t given by the 
equation : 

« Gl Byeriy, he. eU, {114. t Gf. Hehie, \oe. c^, Bd. H., H 84, 80. 

(The best treatment of the generalized Legendre's funotions will bo fonod ii 
a paper by Barnes, QJ. MaiK^ London, 89, p. 07, 1908. 
It is obvious that /"I". ^ (m) is the same as P^"* M, 
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Abo, in this oaae, 

m is sero or a pooitiye int^er, 
n is a root greater than -} of P»"(/uo)-0, 
mdi a is a pooitiye root of J^^^ (oa) -0. 

The lorface conditions (2) are satisfied by the valne of v in (4), 
and there is no infinity within the solid. 

If, as before, we assume that the function/(f , 9, ^) can be expanded 
in s aeries whose terms are of the form 

ind that this series can be mtegrated term by tenn, we can find the 
eoeffidents in the expansion. 
For, let 

X {i<..».»cosm^+iJ..«i,,isinm^}, 
the summation in n being over the roots greater than -} of 
P;'*(^^r=o, and that in o being over the positive roots of 
/,^j(aa)=0. 
Then we have 

f/Cf. e, #)cosm#il^=ir2Sif..-..ii(afr*J,+,(af)P.-(M). 
•'• • « 

Also it is known that,* when m is any positive number and n, n\ 
lie two different roots greater than - } of Pi'^iM^) "0, 


•Ut i«a/*;-M and ^''P^'^M^ 

Then we have 

i((>--.S) *(•'"*»-.■??)" -M 

s;(|'-'"^*("'i''">-i^)''-»J 

Therefore 

(ti'-ii)(ii'+«+l)j trt«'<*M 

■jC{"s('-'"5)-i(»-'-f)}* 

=[(l-M«){«'g-«^}]V lNcUtcmtkm4.p,l4». 


caiL 
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Thus we have 

Finally, from {66, we obtain 

In these leiroltB w muBt be replaced by 2t, when m -0. 
Further J3«,«,tt follows in the same way. 
^ Thns we are brought to the solution of our problem in the form 

X (il^«,«cos w^+J5^»,,iSinm^). 
the constants il«,«,fi9 i3«,m,fi being determined as above. 

U tlie solid oonsisto of the part of the sphere r « a out oat by the oone 0m$9 
' sad the planes ^^0, ^s^» the surfaces being kept at seco tempentoni 
we ezpsnd/(f» 0, ^) in the series 

S 2 2il«.M,ii(arrV|i+|(ar)P|i ♦•(^)gin^*,. 
• ■»■■* » • .91 

on the same lines as above. 


It follows that, when n, n' are two different roott of PJ'*(fi«)sO gititii 
an '1. 




/»r(^=o- 
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•.nwChNM. 

TIm lemilt of §68, whfln the aolid ii bounded 1^ the ^i«ra r^a 
lad the cone - 0«, oan be pat M follows : 

theBainiimtionmnbemgoyerthexootBgreaterthan---| of Pi^'^C/ueHO, 
that in a over the pooitive roots of J||^|(aa) -0, and m being sero 
ora positive int^er. But when m-O, the result has to be divided 
by 2. 

The temperature problem for the oone "-Of, when the surface is 
kept at zero, and the initial temperature is/(f , 9, ^), can be deduced 
from (1) by letting a->^ . 

Now it is known* that, when a is very large, 

/^+j(aa)- ^(i^)<^(««-(^+^)f) approximately, 
ind thus 

/;+l(aa)«-y(~)sin(aa-(n+l) j) approximately. 

If a, a+Ao are consecutive roots of Jn-^\(aa)^0^ when a is 
Teij large, we have the approximations 

a AossiTy 

Using these results, and remembering that the smnmation in o 
vill become a definite integral, the solution of our temperature 
poblem for the cone is as follows : 


•'o Jm Jo 

^ Cf. Wat«on» /oe. etV., 17. 21 (t) ; Gray and Matheiii, loe. eU.. p. 4a 
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the munmatioii in n being taken over the roots greater than-^-) 

In the term corresponding to m>-0| as noted abovei ir saott I 
xeplaced by 2ir. 

If the solid is the part of the oone 0a0« out oil by the planes ^aO i 
^««^» the remark at the end of I eS applies. 
The general case when the suifaoe ie given by 

«-*•! ^^ *-0 \ 

i be treated in the same way. The results are more oomplioaled.as Bent 
fanctaone of both Idnde, and the generalized Legendre*B functions of be 
Idndfly must now be taken into aooount. 




CHAFTBR IX 

THE USE OF SOURCES AND SINKS IN OASES QF 
VARIABLE TEMPERATURE « 

10. butenteMoiii Point Soonw. 

Sappoae that a sjktn of ndius a at temperature F is plaoed at 
tmO in an infinite solid of the same material at sero temperatoie 
Hid left to ood. 

If ti»9f, we know from § 64 that the temperature « at the tune 
1 18 given by the equations : 
du dhi 


H^^di*' 




wVr, 

when U 

-0, 

0<f^a, 

«=0, 

when U 

=0, 

r>a. 

ti=0, 

when fs 

-0. 



The solution is thus known (§ 18) to be 

Expanding the integrand in powers of r\ and ssHuming that a is 
imstt, we obtain the approximate solution 

« 

^Thit method U dne to Kelvin. Cf. "Oompendinm of the Fourier IUIIm- 
"»to for the Conduotion of Heat in Solids," UvAmiAkA wiA Ph^tkai Pmpers. 
^ol n., p. 41. See alao^ Hobeon, LanOan, Proc Maih. 8oe., it, p. tl^ ia89| 
^ylfligh, PML Mag., London (Ser. S), S8, p. 381» 1911. 

14t 
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Then this xeBolt oaa be written 

Q^ .-Si 


'^:Ki^)' *'*^t+(5^')»v 


Now let the radius of the sphere tend to jsero, Q remaiiui 
oonetant, and we are led to the following solution ci the equation 
conduction : q i^ 

•-(vfep''** •• « 

where r*»»«+y«+»>. 

As 1-^0 this value of v tends to jsero everywhere except at tl 
origin, where it becomes infinite. Also if we integrate v tfaroii( 
the infinite solid at any time (^>0) we obtain Q. 

The distribution of temperature given by (1) is said to be A 
to an In^fUaneoui Point Source of Strength Q at the origin. I 
an Instantaneous Point Source of Strength Q placed at the poi 
(x\ f^t z% we have in the same way 

This is the fundamental solution of the equation of conductioB 
three dimensions. The quantity of heat concentrated at the eom 
iBQpe. 

We might have started with a cube whose edges are of length h, iaik 
d the sphere of nuUus a. If this oube is placed in the infinite solid «• sbo 
aod Mi to oool» we would have ( f 16) 

the oentie of the oube being at the origin and its edges parallel to the siml 
This leads to the approximate sdutipn, 

whemg-A^F. 

JUso letting h-^O we have 

as above. 

For Q writM ^(0^ u^ (1)» change i into (^-0 uid intep 
bom to i. 
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Then we have anodier Mdatum of tibe equaiioii of oondaelioii, 

1 fi 0"««<i-i^ 

This distribatioii of temperature is said to be due to a CknUmuaus 
PmtU Sowrce ofStrengtk ^(i) from |aO onwards. 
If ^(t) is constant and equal to jf, we have 




Let f-^oo and this reduces to v^q/Wicr^ a steady tempecatoie 
diBtribtttion where a constant supply of heat is continually intro* 
duced at the origin and spreads outwards in the infinite solid. 

71. fvherioal Sorlaoe Soofoe. 

Again let a spherical shell a<r<a+h at temperature V be 
placed at (=^0 in an infinite solid of the same material at aero 
temperature and left to cooL 

The temperature at the time t will be given by . 

Put Q=^iT{(a+Kf -a>) F, and let A-M), Q remaining constant. 
Then we obtain another solution of the equation of conduction, 

namely, 


«=- 




This is the temperature due to an Instantaneous Spherical Surface- 
8(mrce of Strength Q* 

The temperature due to a Constant Spherical Surface Soune ef 
Strength g will be obtained by writing qdl^ for Q, changing I into. 
(<-0» cmd int^atmg from to ^. 


^Thii tolutton oao aIm be obtained by diitributing the InsUntMiMHM 96tmi 
B<M>net of |70 uniformly over the inrfaoe of the ■phece and evalaaiing the torfaoe 

*t«gr»L 
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Then we have V ^ 

^^*" ^"" 2^(yft-r)) > »^^^{r-(^)^ and n««i(f+a)V 

For the itoftdy temperature probleuii let l-^oo, and we obtain v«f/4r«r| 
when r>a| and |y»g/4rica, when r<a. 

72. Listantanebiie Uoe Sooroe. 

Let the whole of the xy plane be initially at seio tempeiatun 
except a square with centre at the origin and edges of lengtii h 
parallel to the axes, the initial temperature of this square being 
constant and equal to F. 

This two-dimensional problemhas for its solution (| 47) 




I* 


Now let A-M)» while FA' remains constant and equal to Q. 
Then, in the limit, 

This is the temperature due to an InatatUaneoui Line 8oum 
eoifiddifig with the aocis ofzof strength Q. When the source oois- 
ddes with the parallel to the axis of z through (a;', y', 0), we have i 

•-I^e* " • '•••<^' 

This is the fundamental solution for two-dimensional problemi» 
and it is usually referred to as due to an Instantaneous Source of 
Strength Q at {x\ f/). It will be noticed that the quantity of heat 
along the source per unit length is Q/90. 

Usiog polar coordinates, (1) may be written 

„ J^ Ut 
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and this rednoes, with the aid of • weU-known int^gial in Bend's 
functioiis,* to 

v-^J^oe— V|(a«)Ai. ., (2) 

whm Jl«-f»+f'«-afT'cos(fl-4 

The aolutioQ for the Imtanianwui Cylindfiodl Surfooe Somee tf 
Strength Q correspondiiig to the Spherical Surface Sawroe of f 71 can 
be obtained hj dietributbg line Souroes unifonnly over the 
qrlinder r^a. 

In tbie way the temperature at the time < at a point distant r 
from the axis is given by 




71 li wta m i Mwoi M Flaiw Sooim. 

Again let the infinite solid, except the slioe between the fdanei 
x=±|A, be initially at zero temperature, this portion Ibeing 
initially at the constant temperature F. 

Then we have (§16) 

Y ft* (*-*y . 

Now let A->0, while Vh remains constant and equal to Q. 

Then, in the limit, ^=^217(7/ *^ ' '^^^ 

This b the temperature due to an InstanUmeaui Plane Saytree €f 

Stftngth Q over the plane x=0. If the souice ooincides with the 

pkne aj=x', we have 

J^=^ 

This is the fundamental solution for linear flow. The quantity of 
heat per unit area concentrated on the plane is Qpc. 

Van the case of flow of heat along a rod it is usual to refer to 
this solution as due to a Point Source at the point x\ 

The diagrams in Figs. 9, 10 illustrate graphically the distributioe 
of temperature due to thb Instantaneous Point Source. The dotted 

I • Cf. Gray and Mathewi, he. eU., p. 77 (ISS). 
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VALUES OF X 
Fia. 0. 

2* 


enrve deak with^, since if i;=6 ^/2(irir0% ^^ foUows that 
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VALUES OF 4kt 

VlO. 10. 

The temperature at the point {Xt y, 0) due to a uniform distribution of hM( 
on the plane x =0 at the time $ -0 oould also be obtained by using the polar 
alement of area in that plane. 

In this way we have 


Thus 


.j-A-r'^rpjjmr&ap. iH 
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I Itiolfcnnficom(l)«id(8)thitt 

Thk is one o! Weber*a integrals in Bessers fanotions, and a physical inter* 
pratalion o! the other integrals can be obtained by considering a more genenl 
distribatioii of heat along the plane ysO,* 

74.' DouUets, 

We have seen that 


18 a aolutioii of the.eqaation of conduction 

. It follows that 

18 also a Bolution. 

This can be obtained by combining with a aouice of strength' Q' 
at {z'+dx\ y\ z') a ainkf of strength — Q' at (x,' y,' z')^ letting 

<2]^->0, and putting Lt (Q'c2a;')==Q- 
For the temperature at (x, y, z) due to the source and sink 

is given by 

a r _ «-ii^-«ig')*+(y-y^)'-i-(«-i')' .(!i:fi!±<iK=Jffi±z£n 

©as— JE \m Ui ^6 ^ 

Tkns 


l^s 


4«t 


-] 


'^ ■ ■ > « (3g— ag')6 *"* +higherpqwer8ofcfe'* 

16ir*ic*t* ^ '^i (^ 

Frooeeding to the limit, we obtain 

" ■ ,=?(?z:^r^..... .....(1) 

irlieie ««= (a? -*')"+ (y- »')'+(«-*')•• 

* OL lUjrteigk be. cA., p. 384 ; G»y Mid H»^wt. Ipe. eil., p, 78 (160). 

t Whan the strength of • M«n« M defined in i 70 to negatiTe, it it oklted ft «<»i' 
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« 

The diftribution of tempeiatiiie in (1) is wid to be diia to u 
inttmUaneaut pakU imMd cfUfmgtkQ alt (x\ y', z'), iviik iU axU 
jwraOdioiheaxiii^x. 

ConeBpoiidiiig d^Bnitione apply to the doMa in linear flow at Ae 
foitU x't and the line dauNH at (x'^ y') whon axi$ is fomHUL to ike 
micfxm two-dimensional problems. 

The temperature at the time i dae to the two doablets just named 
wiUbe 

The extension to the wnitinuouB dmMd of variable or ccuiatant 
strength is obvious. For example, the temperature due to a con* 
tbuous doublet of strength ^(t) at the point x\ in the ease of linear 
flow, is given by 

Sabetitate x—x^='%^(t—t')^a, and we have 

Thus, ill tbe case of linear flow in the semi-infinite soli4 x > 0, 
the plane x= can be kept at temperature ^(0 wheni > 0, by placing 
a continuous doublet of strength 2ic^(t) at x»0. [Of. 1 23.] 

In two-dimensional problems the boundary y^O can be kept at 
temperature f(x^ i) by placing a continuous doublet at {x\ 0) with its 
axis parallel to the y-axis and strength 2Kf{x\ t) dx\ and integrating 
along the axis of x. A corresponding result holds for the three- 
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dimennoiial caso when the plane a?==0 is to be kept at temj)^tui« 

76« The Mefhod d lamgm. 

The method of images^ which plays so important a part in the 
Mathematical Theoiy of Electricity^ is peculiarly adapted to the 
solution of problems in Conduction of Heat» when the solid b 
bounded by planes, and these are kept at zero temperature. We 
imagine the solid to be continued in all directions without limit, 
and we then obtain, by a suitable distribution of sources and sinks, 
. a temperature function vanishing on the boundaries, with the 
required singularities (sources, sinks, etc.) in the solid. The dis- 
tribution of sources and sinks outside the solid is in this case deter- 
mined by taking images of the original distribution in the solid. 
We shall see in next chapter that the temperature due to a single 
source in the given solid, when its boundary is kept at zero, is of 
considerable importance in the solution of the general problem 
of conduction for that solid. 

We proceed to discuss different types of problems whose solution 
can be obtained by the use of sources and sinks in this way. 

Linear Flow. 

I. Semirlnjinite Solid a;>0. yinitial Temperature f{x). Zero 
Temperature at the Boundary a; »0. 

Consider the source of strength f{x')dx' at the plane x\ We 
may take the initial temperature as due to a distribution of these 
sources along the positive axis of x. 

With the source f{x')dx' at x\ we associate the sink '-f{x')ix' 
at "x'f as these two give zero temperature at a;=0. 

n. FinUe solid bounded by the pUmes x=^(i and x^a. Jndtol 
Temperature f{x). Bounding Planes kept at zero. , 

Starting with the eovacef{x')dx' at x\ we have to take the images 
of this source in the planes x=0 and^=a, a source and a sink 
alternating so that the boundaries may be kept at zero. In this 
way we have sources at the points x'+2na and sinks at the points 
— x'+2na, where n is zero or any positive or negative integer. 

^ This itotement oaa bo Terified from the reraltt of {{ 86» 87. 


Hence 
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Tliiit we hftve finally 

We haye alrauly in }80 obtained another ezpieflnon f or v in 
diis oaae, namely, 

which may be written, when I > 0, 

?j|/(aO$rin^«rin^«'«-'^W. .....(2) 

We proceed to ahow that these eolationa are identicaL This 
may be proyed by the properties of the Theta-fonotions * or with tht 
aid of the following theorem : 

Vfi^) ^ on even function rf x whiA can be expanded, ae ako 
f{x±2na), in a Faurier^e Seriee qfOoeinee cfmM/jdm of wx/a, then 

tf(^t2na)^l^J(x)^^ 
fmided the integrab are convergeni and the aeriee canvergee. 

Since f{x)^\^mdx'+\^o^'^x^^^^^ 
iDd /(«+2fia)=?r/(«'+2na)(fc' 

+52<^?*r/(»^+2fia)cos?J»'<fc' 

it follows that 

S/(*+2«a)=ir/(a!')«fa'+^S«»?*r/(*')~»^*'*^- 

»• «»Jo ii*T* «* Jo ** 

* OL Poiaoar^, TMorte de to propagaiian de la Chakufp p. 91 ; Whit««kw and 
Watooa, loe. eif. (3rd KcL). p. 476. 
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^" 


«i •„.. ■ - . - ; ;i ■ 

Let /(«)<««'««*, and we hsve * * '. 

Therefore v 

and 

gr^^^^«^^)[l+2|jco8?J(^^ .(4) 

Umng (S) and (4) the solution (1) reduces to 

,,^?|^/(:,')^a-"^%in?J»sin?Jx'ifa'. 

in. The Same SoUd, Initial Temperature zero. Baundafy ««0 
kept at temperature ^i{t). Boundary x-^a kept at zero. \ 

Starting With the Continuous doublet of strength . 2ic^i(t) al 
x-Oy which would keep x-a at temperature ^i{t) if *the solid 
extended to infinity^^we have to take an equal doublet at fl?«2a 
to keep the plane X"-a at zero; and so on. 

Thus we have doublets of strength 2ic0t(O ^^ ^^® points 2no, 
fi being zero, or any positive or negative integer. 

Therefore / 

A corresponding result may be obtained ifor the case when il» 
boundary x -O^is kept .at zero and a; -a at ^jit), and by addition of 
these solutions we are led to another form for the expression for the 
temperature Jpi the problem of § 34. 

76. Arolication ot the Method of Images to Fourier's Bing* 
I. Ring €f Unit Radius. Source of etrength Q at x^O. IniM 

Temperature zero. 
Consider the problem of the rod — «* <x<x, with a source d 

strength Q at x=f 0» and no flow of heat across its boundaries. The 


^Cf. footnote p. 30. 
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lohtioii is obtained hj potting aqoal aonioes at ihb poihto 2f»ir, ii 
bong any int^gar, pontiye or n^thre; and the tempeifttiim k 

It if daar that all tha oonditiona lor the tempeiatare in the liag 
ftie Mtiffied by thia solntion* 

n. Ring €f UnU RadiuB. IniMal Temiperaiiwre v^f{x). 

Since, as above, the temperature due to a sonioe of strangtii Q 

ttfl/ is 

for the initial d]stiibation/(x) we hare 
Unng f 76 (S). tilis ndnoea to 


Mia {12.* 


i^ 


77. AWHmUUmi of tiM MMhod of laucH to Ow fc^ttf (MM. 

-«< X < the oondwttfitr ii K,, Mi whtn < s < w Om «ai4M(Mttr to 
I|. loaNettx'(x'>OX 
W« require a lolution of the equntiona : 

^"''»S'' <*>•) .......«...».4») 

^"*«a?' (*«>) .^«) 

»,-»„ when «>(^ ^) 

^»^"^«BJ' *''•'' *"*^ - •(<) 

^ J* n-Qi Mcept »t *-«', where », i« to toke the form 

I .&=«? 

• 2^i?S^« *"' • ..•(») 

•»* Ui>,-0. (*<0) : .<«) 


laO 


• 01. Nif«n. Ltmdtm, Proc. E. See., 7S (A), p. 41. 1908. 
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DiffinDtfatting (3) Mid (4) with reapect to I and using (I) uid (9), w kn 


*i*^:;5"*«*35iiii» 


«Hi ir.ir»^-£;ic,^, 


Now, aaag H^Uurin^ TiMoran, 

.^.(i+.)f,^,(V(sW©). 

ftfJUt 

Thia holds fw aaj integral of ox (SX (3) Md (4). 

HWko ilwt the exp r ess i o n H^-n* *'** ' < -O 

whidisittisfles(lX 
Then wohATO 

Now k k elMT that this ia not the aolution we require, m the eeoond tai 
iiiTolTee a aooroe at the point ''J(tcjKi)x' in the part of the iolidwlMR 
-joo < jr < 0. We are able to obtain the true aolution by oonaidering vkn 
we would obtain from a aink at -^/(fCt/«ci)^i euch as thia aeoond tea 
requirea, in the aame way aa above. 

Exactly aa in (8) we have, corresponding to the aolution of (8X « 


U-^y ^ • 


So that in the case of 

••""sv*' 
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Adding Um MlottoM (7), (8), (9), Mid (lOX m have 




wUdi Mtbfy ftll th* oonditiaiM of the proUem axoepk for a nmMcinl fMlar 
fa tiM ■trangth of the aouroe at y. 
W« obtain the actual adutioa by dividing both by 

tod thna hav« 

ThiM the temperature at any Umto I in the part j; > 0^ k the aanie as if Ibe 
whole eolid had been of that material and another aoaroe of etrength 

Ind been pUu^ed at - 4/ : and the temperature in the part j; < is the wie 
u if the whole aolid had been of that material and a aouroe of atreogtli 

Ind been placed at ^(K|/ict)y.« 

78. AnpUoitfoiif ol fbe Ibfhod of Iniagif in Two or Tbnm 


I. Semi-Infiniie 86Ud, x>0. InUial Temperaiufe /(«, y). 
Boundary x=^0 kept at zero. 

Starting with the line source of strength /(a;', y')dx' dy' at (x', j^), 
we must take an equal sink at {—x^ y') to satisfy the condition 
at the boundary. 

Hence 

^Gt Sommerfeld, Malh. Ann., Leipzig, 4S. p. 266, 1894; Weber, OMngm. 
^oeAr. Qu. )FtM.,p. 722, 1803 1 Weber-Riemann, loe. eti., Bd. II., 1 40. 
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H. Semi^InfiniU Solid, x>0. InUidl TempenOufe f{x, y, t). 
Bcuniofff x^O kept ai zero. 

Starting with the point souice of strength f{x\ y\ z')dx'if^k 
at (x', f^t z% we take an equal sink at (t-^'i ff', z% einoe theiM gin 
aeco tempeEatuxe at x»0. 

Hence 

where il*=«(a?-»')«+(y-y')«+(«-0* 

and R'^^ix+xy+ly-^yy+iZ'^zy. 

m. The Wedge ofAngh ir/m, where m is any poaUive integer. 

The two and three-dimenaional problems given above in I; andE 
are special cases of the wedge of angle ir/fHi where m is any poaitm 
integer. We shall now treat this problem, confining ourselves to the 
two-dimensional case of a line source at the point (a?\ y'), the edge 
of the wedge coinciding with the axis of z. The three-dimennonil 
case of a point source at {x\ y\ z'), and the extension to the geneal 
problem 61 an arbitrary initial temperature offer no difficulty. 

Taking cylindrical coordioatesy tiie surface of the wedge is sop- 
posed given by the planes 6^0 and d=»ir/m ; these planes are to 
be kept at zero temperature. _ 

¥^tfain the wedge we have 0<d < irjm. 

Let the source be placed at the point P« whose coordinates w 
(«»a). 



Let the drde through P« with its centre at the origin eat M 
imd e^wfm at il and B (lig. 11). 
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pm dM BiDfjim AOP. FOB and AOB ue a, i8 and y» whm 

pmwlm—a and y-»ir/m. 

Start with iha unit ionioe at P^ 

To giye lero temperatuxe at OA we put a unit Hnk at P^ the 
image of Pt in O^i : f.e. at (— a). 

To balance the sink at P,, in 0B| we put a ioufoe at Pt» the image 
of Pi in OB: t>. at(a+2y). 

To bahmoe the eouioe at P^ in Oil » we put a nnk at Pa« the image 
of Pi in Oil : t.e. at — (a+2y) : and «o on. 

In this way we have the set of images P^, Pt» ... , where 
PA-PtP4--..«2y, 
PiP,=P.P4=».., «2y. 

Abo P^^i lies at -(a+2(m-l)y). 

Thus PtP|i»-i+2/8=:2a+2(fii-l)y+2/8«2ir. 

Therefore P|m-i coincides with the inuige of P in OJB» and the 
let of images is closed, Pfm-i being the last. 

Also these sources and sinks give, with the source at P^ aero 
temperature over the planes d=0 and 0=ir/m. 

Th9 temperature at (r, 6) due to this system is 

«^=gVl)'t^. • • 0) 

where v^ is the temperature due to a unit source at P« in the infinite 

But we have seen in § 72 (2) that the temperature at (fy 6) due to 
a unit source at {r\ d') is 

wh^ i?«=r«+r'«-2fr'cos(«-0'). 

Using Neunutnn's expansion * 

•^o(^) ^J,(\r)J.(\r')+2'^Jn(\r) J. (XO cos 11(0-^ . 
thill may be written as 

^ j*Xe-«^"« S Jn{\r)Jn(\r')cmn{e^e')i\, 


^ Cf. Gray and Mathews, loe. eii.. p. 27 (600* 
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It foDoivB irom (1) that 

^'^iz S S (coefi(«--a-2«y)-^c08n(d+a+2«y)) 

X rX«-^"« Jii(Xr) Jii(\a) iX. .,.(2) 

When H 18 not a multiple of m the series in s has sero for its sum; 
Jttid when it is a multiple of m» its sum is equal to 

2m sin fi0 sin fki. 

ThnSy from (2), we obtain the solution of our problem of the unH 
aoQroe at the point (a» a) in the wedge 6^0, d^irjin, in the form 

v^^ f]Bux^emn^ ar\e''^*^J^(Xr)Jpn(Xa)iX, (8) 

where, as aboye, we have written y for «>/m. 

For the Ihree-dtmenstomJ case, we start with the ezprsasion 

eorrespcmding to the iinit source at (r^, ^, t'), 

Plrooeeding on the same lines as above, we obtain the solution of ow 
piobleoi in the form 

79. Bommerldd's Bztension ol fbe Mefhod ol Images. 

The method of images as used above for the wedge of angle tr/«S 
where m is any positive integer^ fails when the angle is nwlm^ when 
m, fi are both positive integers, prime to each other. 

For example, when the angle is a right angle, and the givis 
souioe is at Po(^'> ^% where < < }ir, the images are as foUom : 

a sink at Pi{t\ —0) : a source at ?,(/, w+e') \ 
and a sink at P,(/, -ir-d'). (Cf. Fig. 11.) 

Bat when the angle is 2^/3 and the given source is A 


m GASBB OF VARIABLB TVMFBRATDBB 
f,(f'. n wlMW < y< a»/8, the 


1«7 


• abk at PiCr*, -0') : a loaioe at P,(f', y +^) : 
a link at P,(f', -^-tf*) : a •ooioe at ?,('', ^+*') ? 
add a«takatP,(r',-^-d'). (Fig. 12.) 
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r. 
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• 
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Aa the ezpzeflsion for the tempnmtaie due to a eoiuoe is periodie 
of period 2ir y and the sink at P, giyee a aingularity ooneepoiidiQg to 


a link at (/, ~^—0'), the noethod faib. 


However, for the complete representatioii of the adid we need only 
the region O<0 < Sw/3, andif we can find a eolation of the equation 
of conduction which has a period 4ir and only one aingularityin that 
interval, and thia of the proper kind, vis. 


5J1 
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or 


r^, when r=0 and l===0» 


(V(irirf))» 

we can uae thia aolution aa we did the ordinary expreeaion for the 
temperature of a aource and take the imagea at the pointa named 
above. 

Thia method, aa originally introduced by Sommeifeld, really 
imounta to conaidering a aolution of the equation of conduction on 
a auitable Riemann'a Surface (or Space). For the angle nirfm, the 
Riemann'a Surface (or Space) will be an n-f old one, and the aolution 
win have a period 2nir. The method ia of hiatorical intereat becauae. 
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after aj^lying it to the heat problem of a eouzce in the legm 
bounded by the planes dsO and d^2w9 Soinmeifeld by its lid 
ga.ire the fixst exact solution of the difiEraction of waves by a anoi- 
infinite plane {e.g. 0^0). Bat a simpler method of treating then 
qiicetions both from the equation of conduction of heat and for the 
other partial differential equations of mathematical physics hai now 
been evolved.* For this reason it wiU be sufficient here only to 
give references to Sommerfeld's and other papers in which the 
lEtiemann's Surface idea is used.t 

We return to the problem of the wedge in § 90 and the solution 
obtained in §78» III. (3) for the angle v/m will be found to be 
true for the wedge of any angle. 


• See below §90 and pepen by Ihe author in London, Proe, Math. Soe. (8er. 2), 
S, lOlOeod, 1S.1920. 

t Sbmnierfeld, (1) Math. Ann., Leipzig, 4S. p. 214, 1804, and 47, p. 317» imi 
(2) London, Proe. Maih. Soe., SS, p. 306, 1807. SohwanuKhild, Maih. Am, 
Leipzig, 65, p. 177, 1802. CarsUw, (1) London, Proe. Math. Soe., SO. p. 121, 
1809; (2) London, Rep. BriL Ase., p. 644, 1900. Hobaon, Cambridge, Trm. 
PkU. Soe., 18, p. 277, 1000.- 


CHAPTER X 

THE USB OP QBEBira FUNCTIONS IN THE SOLUTION 
OF THE EQUATION OF CONDUCTION 

N» IntaodMloiy* 

The use of Oieen*i funotioiui in the theoiy of potential is weB 
known. The function is meet conveniently defined toi the doeed 
lorfaoe iS as the potential which Vjanishes over the surface, and is 
infinite as l/r» when r is zero, at the point P{x\ y\ z') inaide the 
lorfaoe. If this solution of the equation Vu=»0 is denoted by 
0(P)» tiie sdution with no infinity inside S and an arbitiaxy value 
V over the surface is given by 


.^l\^0(P)Vd8. 


s- denoting differentiation along the outward drawn noimaL^ 

We proceed to show how i| sunilar function may be emplcyad 
with advantage in the mathematical theory of the conduction of 
heat. Inthkoaaewe AaXiiskeiheOftm^afuiuiicnasihet^ 
^ (^» y9z)atthe time t due to an instat Uaneou a paint source of etinn^ 
unity generated at the point P{x\ y\ z') at the time r, the eoM 
being initiaUy at zero temperature, and the euffaoe being kept at zero 
temperature. » 

This solution piay be written 

u^F{x, y, «, »', y', z\ t-r), {t > t) 
snd u satisfies the equation 

^=ICV«U. (t>T) 


*Gf. aerk-MaxweU» SUcirkUy and Magnitinn, Vol. I.» |97 (6), Md 
«€ckiciiy and MagndUm, p. 290. 

les 
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However, nnee I ikdIj entecs in the form (<-*t)» we, have abo 

g+^V»u«a (t<0 
FnrtheTi Lt(u)»0 at all points inside 8, except at the p<»nt 


{^9 }f% %\ where the solution takes the form 

Finally, at the surface /Sf,u»0. (t<^) 
Let V be the temperature at the time i in this solid due to the 
surface temperature ^(x, y, 2, <) and the initial temperature/(x, y,z). 
Then v satisfies the equations 

|=.VH,. (t>0) 

t^=/(x, y, 2) initialljr, inside iSy 
and %>^^\^^ y, 2, i) at iS, when < > 0. 

Also, since the time r of our former equations lies within the 
interval for ^ we have 

g=icV%^, (t<0 
t^=^(ap, y, 2, t) at the surface. 

Therefore ^(w)=u^+t?^=ic[uV»t;-t^VHi], 
and 

the triple integration being taken throughout the solid, and e being 
any positive number less than ^ as small as we please. 

Interchanging the order of integration on the left-hand side A 
this equation and applying Green's Theorem to the right-hand side, 
we have 

J J J (w)t.i-,cfc rfy &- J J J (w)^^^ 
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wh«fe TT d«iiotat differmtiation along the inwaxd-diawn nomyd, 

idd we haye used the oondition that u yanidies at the euifaoe. 
Now take the limit as e tends to lero. The left-hand side giyes 

wQjJt*r-*-siterf» &]- JlJWr-oW^^^ 

ihe fint integral being taken throogh an element of volume inchiding 
ihe point P{x\ y\ z\ where the function u becomee infinite at 
l^Ti the second integral being taken through the solid; and 
[v^ stands for the value of t^ at the point P(x\ y^ z') at the 
timet. 

But since u is the temperature at the time t due to a souioe at 
(«', y'» z') at the time r, 

and we have 

= jj|(u)r.o/(x. y, z)dxdydz+K^^ [^^i^x, y, z, T)^*s]ih- (1) 

as the temperature at x\ y\ z' at the time i due to the initial dis- 
tribution /(x, y, z) and the surface temperature 0(ap, y, z, I).* 

In the case of Radiation at the surface, the Green's functkm n 
M taken aa the temperature at (op, y, z) at ttme t due to an in^ntameam 
point source of strength unit generated at {x\ y\ z') at tirne t» radiatum 
taking place at the surface into a medium at zero temperature. 

The temperature at P{x\ y\ z') at the time t due to an initial 
distribution /(x, y, ») and radiation at the surface into a medium 

* This disouMion is due to Minnigerode, and was published in his Gettangen 
DiMortation, Uher die Wdrmekitung in Krystatlen, QOiiingen» 1862. Cf. also 
Betti, (1) Ann. deUe Univer$Ud Toacanfi, 10, p. 143, 1868, Pisa; (2) i4iiii. MuL. 
Milano, 1, p. 373, 1868 ; (3) Mem. 8oc. lialiana ddle Scienu (Ser. 3), 1, p. 373, 
1868, Firenze ; (4) CotUeianea Matkematiea inedita in Memoriam Ikmeniei CheUni, 
p. 238, 1881, Milano. Sommerfeld, Math. Ann., Leipzig, 4ff, p. 274, 1894. Weber- 
Riemann, loe. cit., Bd. XL, { 52, and papers by the author, (1) Phil. Mag., Lonium 
(Ser. 6), 4, p. 162, 1902 ; (2) Edinburgh, Proc. Math. 8oc., Sl. p. 40, 1003 r W 
London, Proc. Math. Soe. (Ser. 2), S, p. 365, 1010. See abo fdir applieaticm to 
the equation (Vt^.ff*)tf=0, Pookels, Uber die PartieUe-DiffereniialgUiekuiig 
(V>+x*)tt=:0, Tl. IV. f 4, Leipzig, 1801 ; Sohwarzsohild, Math. Ann., Leipng, 
U, p. 177, 1002. 
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«t tempetstoze ^(», y, z, t) follows from » diacoaeion umilat ^ 
that cpiven above. We find in the end 

[wj-l- jJ|(«)r-»/(«, y, «)<fe<fy<fc+A«£ [J|«*(». y, t, T)<W]«Jr 

-||J(«)r-oMy.«)'fc««y«fc+K£[Jj(^)^^(!».y.«.T)(is]<Jr.(2) 

Bu 
once at the Buiface T-^iu, 

and our lesult takes the same foim as in (1). 

The solution of the general problems in conduction of heat is thui 
reduced to the determination of the Green's function for the sdid 
in which the temperature is required. 

In the case of linear or two-dimensional flow of heat resulta 
similar to (1) and (2) can be obtained at once. Instead of an 
infinity of order ^ jt* 

respectively. Witii this change the equations which correspond to 
(1) and (2) will be 

^pl«j(u),.o/(a^)(fe+*£ «(T)^dT, (8) 

•nd [Vpl=Jj(ii)r-o/(», y)dxdy+K^ [j0(ir, y, r)^d8JdT, (4) 

. where the integration with regard to # is along the bounding arc. 

In the articles which follow we shall employ these theorems in 
solving various problems in the conduction of heat. Some of them 
have already been discussed by other methodsi the possibility 
of the expannon of the arbitrary function in the form required in 
. the solution .being assumed. This assumption will not now be 
necessary.^ 

8L Linear Flow ol Heat. SemUnflnite Solid bounded by x^* 
Idiial Temperature t(z). Boundary kept at Temperature ^(t). 

In this case the Oreen's function, or the temperature at (x, y, *) 
at the time t due to the unit source at {x\y\ z') at the time r, is 

2V(».((-t))1 / ^ 
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It ioDoiro from 1 80 (S), with a dight ohaiige in the notetioii, tiiat 
tlia tempeiatiire at {x, y, z) at the time i k givn by 


V 


ft ^"isra 


w]ik)hagraMwiih|28. 

88. Hm Sum Solid. Somoe at z* at t-0. Badiatkm at 
into a Madiam at Zero. 

We start with the Mlatioik for a unit souzee at «* in the iofiiiite 
Mdid, namely 1 -^S^^ 

'ffince rr^'^ooi26»*»-^ «"••,• 

His clear that . 

Consider the integral 

over the path (P) in the a-plane of Fig. 14, this path being 


-OQ O .CO 

Th€ path fPf in ih0 « • p/aii# 
TM. 14. 

chosen lo that at infinity on the right the argument of a lies between 
and Jt, and on the left between fir and w. 



FlO. 15. 


Complete this path as in Fig. 15. The integral vanishes over 
tiie circular arcs joining the path (P) to the points ±qo on the ical 


^ Cf.ifpotnote, p. 30. 
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axis, rad there are no poles of the intejpraiid inside this closed 

GUCUlt. 

It follows, from Cauchj's Theorem, that 

^^ 6— V-c-^)|fa«-gLJe-^^«^<-^iia, (2) 

tlie second int^^ral being tak^n over the path (P). 
Also we have 

^j* r^%5-<.(«-«')|la=~2^fe-«V^(»-^)da, ....,.(8) 

tlie sec(md integral being taken over the path (P). 

It is convenient in the following argument to' take (2) whn 
X > x\ and (3) when x < x\ for the trandormation of (1). 

Now iJ-ile— ••eH^ 

dv Bh) 
k a solution of the differential equation ^=«^^> ^^^i^ il is in- 
dependent of X and (. 

If we choose A properly, iategjOLte this solution over the pstii 
(P), and add it to (2) and (3) above, we find a temperatuie 
function satisfying all the conditions of our problem. 

The choice of il is indicated by the equation 

when Xf^. 

This equation leads to A^^^ef^. 
Then we have 

i,«-«^je-«'%*M«-«')rfa+gLj*±^e^ ,..(4) 

oiver the path (P), the positive or negative sign bdng choaes 
according as x^x\ 
This may be written 

«« ~~- fe--'»(e=fc<«--^)+e^<^+-^>)da+^ fe-«^^^ (6) 

the integrals being taken over the path (P) and the positive or 

negative sign being chosen according asx^x'. 

We shall now show that this value of t; satisfies all the conditioni 
of our problem. 
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From the way in whieh it hM been buih up. we eee that it i 
the equation of conduction anid the eurface condition at :rsO. 
AIbo, from what has been aaid above, the firat pait of (6) lednoet to 


^,[.-'^..-^. 


Thefint tenn ooneeponds to the louioe at x\ the eecond to an equal 
loaioe at — »'• 

We have thus only to ihow that the second pait of (6) vanishes 
in the limit when t->0 and x is positive. 

Assuming that the integral 

I* AT^*"' over the path (P) ..(6) 

ka continuous function of t for f ^O,* we have only to establish that 

j--^da, over the path (P) ;....(7) 

iBseio. 

Take the closed circuit of Fig. 16, consisting oi the path (P), 
ind the part of a circle, centre at the origin, lying above the path (P). 


f< 



ns. la 


Tk<ire are no poles of the integrand of (7) in this circuity and thus 
(he mtegral over the whole is zero. But when the radius tends to 
iofiuty, the integral over the circular arc vanishesi x+»' being 
poBitive. Thus the integral (7) over the path (P) vanishes, 
lerefore we have obtained in (6) the required temperatore. 


The 


* The oontinuity o! this integral, when 1^0, it not diSioult to ettobliih eomewlMt 
Oft tbe lines o! F.S.^ Chapter VI. But the diaouaiion of infinite intagiala, when 
tl» jrariable it complex, lies tomewhat outtide the range of thit book. 
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Baplaoiiig the integrak over the path (P) in (6) hj the equivakm 
integrals over the xeal axis, we have 




j^p(*cosa(»+aO--a»ina(»+aO}*» (8) 


a 
Theiefoie 


2f* ^ti(a COS aag+ > »in qgg) (g COB ga/ + > gi n gap J ... 
» — I €*"■■ • 1 I < ^ — *" ilg m 


Again, 


J^«-*^coflgfdf«^l3pp and f «"*'*»«f<'f-^i^^• 
Itf6nowathat 

S*f*^-.^ti >coeg(g+ag^— gaing(ag+aO J 

-^JV'-»^[7*«-»«coBg(aj+a^+^<i/JAi | 

Thna from (8) we have 

The last term in (10) represents the temperature due to a line c 
sinka extending from —as' to ^oo •* 

8S. The Same Solid. Initial Tttnperatore l(z). Badiatlon into i 
MMiom at Temperature ^(t)* 

The Qreen's function, or the temperature at (as, y, z) at the time 
due to the unit source at {x\ y\ z') at the time r, radiation takin 

• Tha Kdutioii in (10) wm first given by Bryan (OambHdgep Prau PkH ^ 
?• IMl). 8«e alM Bryan, JUmdan, Proe. Maih. 8oe,, S2t p. 424, 180L The ttta 
■Mni in th* last it taken from the author^f paper, Edinburgh^ Proe, MotK 8^ 
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pilot at the bonndAiy x»o into a nMdiiim at loco, foOowi from 
f82(10)iiitiisform 

Thiif from 1 80 (3), f or the gwnal problmn with imtial temj^^ 
f(x) and the medium at temperature ^(1), the temperature mt 
(x, y, z) at the time t is given by 

Let the initial temperature be unity and the medium at sere. 
Then, from (1), we have 

§7131 
dittiwehave 


(1) 


Now 


tiliniteSoUd. Someeatz'att-O. ll(Nmdaiieis»OaiiAx«>a 
itZeio. 

To obtain the Ckeen'e function when there is no radiation at the 
luiaoe, we start iiHth the solution 


0.0. !!• 


h\^^-'-^- 


(1) 
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wliidi ^atiflfieB the condition for a souioe at x' at; the time %^ 
and also the boundaij condition at a?=0. 
This may be lephMied as in § 82 by 

the integrals being taken over the standard path (P) of Fig. 14; 
alao when %>x\ we choose the positive sign; when «<2', the 
negative sign. 

Thus we have the transformation 

v^« — ^ f €-«•"« sin az'e^da (»> aO 

«— T^|e-**'*sina»e<^Ai, {x<af) 

the integrals being taken over the path (P), 

Let Vi^T- ril«-*»'*sinaa5da, 

over the path (P)» and choose the constant A so that the condition 
at Xr^a is satii^ed by v^v^+v^. 

Thm «,«J.(e— '.«5«?«5:^^da (2) 

Consider the solution 

^^jLL-^>i »inaa^-sina(a^a ) ' 

fTj smoa ^ ^ ' 

fTj smaa . 

The value of t; given in (3) satisfies the equation of conduction snd 
vanishes when x=0 and x^a. 

We shall now show that it satisfies the initial condition for t 
source at x'. We have seen that Ltt;^ has the required value. We 
have thus only to show that Lt t;|==0, where Vi is given in (2), 

)^iymwiitig that the integral 


(J) 


J 


„^ «naaBmax ^^ over the path (P). .....(4) 
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k A ooDtinnons fiuMtkm oi I for t^*0,* we have only to ettobliah that 


f 


•i ngagiiiia a/ 
sinoa 


tf^da, over the path (P),... ........ .^^4!^) 


MStfO. 

This fdlowB, as befoie, from the closed drouit of Fig*. 16, nnee 
there are no poles oi the integrand of (5) in this circuit, and the 
integral over the whole vanishes. But when the radius tends to 
iiifinityi the integral over the circular arc vanishes, provided that 
x+x'—2a is negative. Thus the integral (5) over the complete 
path (P) is sero. 
The solution (3) can be reduced to an infinite series as follows : — 
Take the path {Q) of Fig. 17 formed by the path (P), the image of 
this path on the real axis, and the circular arcs (dotted in the 



I 

1 


1 

1 


• 7 


FW. 17. 

. # 


diagram) joining the ends of these two curves. The dotted part of 
this circuit gives zero in the limit. Also the integrand in (8) is an 
odd function of a. 
Thus we have from (3) 


1 f _ ..sma« sma(a— a?) , 
2iirJ sm aa 

If .^•#flinaa?8ino(a— af') , 
2i7rJ sm aa 


(^<»<a) 
{O^x^af) 


..(«) 


the integrals now being taken over the complete piath (Q). 
The poles of the integrand are at a=: ±ir/a, ±2ir/a, etc. 
Thus, by Cauchy^s Theorem, we obtain 


»•«•, 


^ wry • WTT . nw ^u^^t 

t;=- y:sm — asm — x e •• 
aV « « 

for the two integrals of (6). 


^ See footnote, p. 17fi. 
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HcDoe the Qieen's fanctioii for this OEM is 

a^ a a • 

uid tha temperature at ^ at the time t, when the initial temperatiu« 
is /(op), and the mufaoee xbO and x»a are kept at ^|(() and 
^(0, fdlowB from §80 (8) in the form 

«-?Ssin^xrBin?J»' e''^'f{af)d^ 

8fi. Tbe Same Scud. Sonioe at z' at t«0. Radiation at i(»0 
and z»a into a Uedinm at Zero. 
Here we start with the solution 

= -g^fe— ««^(-*')Ai, {x>zf) 

Hie integnds bdng taken over the standard path (P) of Fig. U, 
Wo associate with this another solution, 


v^^^jff^^H^J^^+Ber^) da. 


over tlie path (P), and determine A and B so that the bounduj 
conditions 

qF^+*v*=0, when aj«0 and x^a, 

axe satisfied by v^^^v^+Vf. 
In this way we obtain 

J /I , . V (> sina(a— a/)+acosa(a— ap 
il-(A+fa}-^j,_^,j^^^_^2a*oosaa • 

p_/ij_. ^ tsingaZ+gcosaq/ ^^ 
* ^*+*«^**--a^)sinaa+2a*cosaa'' • 

•a.iS4. 
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Sttbttitatiiig these yalnes for il and £ in 9|, we have anmBy 

f f .^.i (*iiiiaa^+acoflaaO(>»ina(a— g)+acoflq(a— g)) ^_ «» 
%J (A*-a>)8mcia+2oAooiaa ^^^ *^' 

when a^>x'; and, when aB<jB', we intezohange x and s' in tUi 
ezpreesion, the integial being taken over the path (P). 

From the way in which (1) hat been built up, we know thmt h 
aatbfies the equation oi conduction and the boundary conclitioiMt, 
We shall now show that it satisfies th^ initial conditions for a scnizoe 
at»'. 

As t^e corresponds to the source at x', we have only to show 
tiiat Lt t^iaO. 

This follows as in |84, by introducing the path of Fig. 16, for Hhe 
integrals vanish over the circular arc in the limit, provided that 

x+x'>0, 

and »+»'— 2a<0, 

and both of these conditions are satisfied. 
Also we know that the roots of the equation 

(A*— a*) sin aa +2ah cos aa aO 

are all real and not repeated. (Cf . § 36.) 

The solution in (1) can now be reduced to an infinite series by ufliiig 
the path (Q) of Fig. 17. For we have from (1), when x>s^f 

1 f_^^ (tsinqa/+qcosqag')(&sina(a— ag)+ocosfl(a— ag)) j_ ^ 
SStVj (A>-aS)sinaa+2aAcosaa. *^" 

the integral being taken over the path (Q). 
Then, by Cauchy's Theorem, we have 

-. iiv-^^-.M>t (*g"^qg'+qcosagO(>8inqa?+gcosag) .^. 

''-^l^^ a(At+a«)+2A <^> 

the summation bemg taken over the positive roots of the eqaatikm 

(A*— a*) sin aa+2ah cos aa»0. 

The result in (3) holds both when a?> x' and when x <fl^. 
Hence the Green's function is 

22;«- ''-'' S(*«+a«)+2A • 
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Thb flolutioii for an arbitrary initial temperature /(a?) follows at 
»Doe, and we obtain the temperature at x at the time t, for the ease 
irliai the medium is at xero» in the form 

^_Qr//^xr>^M>H (*»»«^+aco8aa/)(*sinaa?+aooflaa?) ^^ /« 
^=3J /(a02.^ a(A.+a«)+2* ^' <*' 

This admits of term by term int^^^tion, and may be written 

IGL § 36.) 

It may be noted that the lestdt given in (6) leada to the expansion : 

Sx. L Ibe same SolicL Bouroe at x\ The boundary «»0 kept at seio 
tempemtttie. The boundary x^a radiaUng into medium at seera 

Result: •-22#-~'*»miu?iiu«?' •*"^** 


the summation is taken over the positive roots of the equation 
a oos oa -I- A sin oa n 0. 
Ex. 2. The same Solid. Boundary conditions as above. Initial tempeit- 

Result: ^''^^^ \.l\\il^^ ^^ a*//"" a^A^')d^. 

Bx. 3. His same Solid. Source at x\ The boundary x*0 impervious to 
hesrtb The boundary x*»a radiating into a medium at zero temperature. 

wfaeie the summation extends over the positive roots of 
a tin oa - A cos aa a 0. 
Bz; 4. The same Solid. Boundary conditions as above. Initial tempeit- 
tare/(«). 

Result: s»22#-'*'*cosar ^ tl\]l^\i^^ rwa»'f(x')ia^. 

88. Two-DimeDsional PioUenuu* 

L SemirlnfifMU Solid y > 0. Initial Temperaiufe f{x, y). 
Boundary y»0 kepi ai F{x, t). 


•Gf. HbbMD, XoiMfoa, Proe. MaiK 8oe,. IS, pp. 286, 288, 1880, for the rvfult 
given in II 86» 87. 
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In thk oaae the Onoi't fanotion k 

It foUowB from 1 80 (4) that the temperatuie at {x, y ) at the tune I 
I ligiTMiby 

n. TAa &Mii€ /SfoUtf. Badiaiian ai y^O inio Medium ai F(x, i). 
In this caae the Greenes function may be deduced from } 82 
in the form 

-«i;r*.- '-^y-y^'" .>,] 

and 

»Thu8 the temperature at {x^ y) at the time i, when the initial 
temperature is sero, is given by 

87. Three-Ptmenstonal PioUenuu 

I. Semi'InfinUe Solid z>0. Initial Temperaiure f{x, y^ z). 
Boundary x=^0 kept at F{y^ z, t). 
In this case the Qreen's function is 

tt«__i -(e ~ ^^B=^J -e ^ 1 


*Tliii result proves the tmUi of the sUtement'at the end of |74 abottt cob* 

tinaons doublets. 
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\dnJi \8«/.-« 8tV(«-t)* 
Thai the tempeiatun at {», y, t) at the time t u c^ven by 

xl« « -« « 

n. /Some jSoKi. Radiation at ««sO tnto AfdKum a< 7(y. s, <). 
The Qceen's fnnoticm is in this case 

8»V(«-t)»*- 

-2*1 «-«e ««<«-'> <^|. 

Thus the temperature at (x, y, t) at the time (, when the initial 
tonpeiature is sero, is given by 

8S, Infinite CMiniter r^MU Xnttial Tbrnpentim l(r, 9). Suboi 
Temperaioze ZsKOf 
To obtain the Qreen's function for this oase, we start with 

We transfonn.this, as in 1 78 (III.)i into 

*Tlia footnola on pttge 183 alio appliet to ihii letnlt 
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Bat 
J^«r-V,(afO/.(of)«fci 

-iror-'»y,(aiO{iir,«(af)-«*-ir,«(-af)}Ai* 

-if" atr^'*Jn{ai^Hn»(ar)da. 
And prooeeding as in 1 82, tiib may be lepiaoed by 

fae--V.(«/)J.(ar)iia--jJar-V.(a/)ir^<'>M (r>iO 1 

«-iJae-^V^(af)ir,<'>(aiOA». (r<iO J 

tbe integrals being taken over the standard path {P) of Fig. 14. 
Thiif we have 

^'•«-S;^g«»n(d-a')Jae--V»(a/)jy»<'V)*i^ .(1) 

when f>f', and we interchange r and/, when f<f'i the int^gnla 
being taken over the path (P). 

To satisfy the condition at r^^uit we associate with v^ another 
Bolation Vi taken over the same path (P), where 

Vi«~; 2 cos n {B-ff) filae—"« J,(a/) J,(af) da, 

snd we choose the constant A so that v^+Vi shall be zero whears50. 
Then we have 

«x»^§eosn(d-d')jae-V.(af')J„(af)^L^ 

Conaider tiie aolaticHi 

X («,»(i»)/.M-«.<»(«.W.(<if)) <!(■, (S) 


*f^liMi « ia real mkI podtive, we know from Appendix L, |4 that 
Xlww irf'(«)-e"*'flJ|'(-*)=a/M(*).. 


•aid 
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when r>r^, the integxal being taken over the path (P) ; andr^f' 
being intezohanged, when f < f\ 

The valtte of t; given in (3) satiflfieB the equation of conduotioQ, 
and vanishes when ma. 

We shall now show that it satisfies the initial condition for i 
line souioe at (/, 9'). This requires that Ltt;i=:0, where Vi k 
given in (2). '""• 

But this follows as in I 84 by introducing the path of Fig. 16. 
From the approximations for Jn{^) and Hri^^iz) in the upper put 
of the 2^plane,* it will be seen that 

tJn (afVu{or)Hn^''{aa) ^ 

vanishes over the circular arc . in the limit, provided thil 
r+/— 2a < 0, a condition which is satisfied. 

Also we know that the roots of J^{aa)=^0 are aU real and not 
lepeated. 

The solution in (3) can now be reduced to an infinite series hj 
iiaing the path {Q) of Fig. 17. 

For we may replace the term 

over the path (P), by half this integral over the path (Q). 
Using Cauchy's Theorem, this term becomes 

the summation being taken over the positive roots of J^{aa)^0. 
But it is known that t 

^.(*)|ff."'(*)-ff.<"(*)i^.(*)=|. 

Thus we find for the temperature at (r , 0) at the time ^ due to ih« 
source at (r', 0% 

.-^S2c<..(»-»1.-"^^^ (fl 

and this holds when f < f\ 


•a. Appendix I., H 4. 0. tCl Watoon, foe. eiC., |8, eS. (1). 
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t 

T)ia Qiem's funotion for this cam isi tharaf on, 

When the initial temperature ia/(f)» we obtain the tempemtnie 
It (li'i 0) at the time t, in the form 

When the initial temperature ia/(f, 9), we have 

U we aaaume that this seriee may be integrated term by term, 
we have, for the coefficient of J^(ar) coa nO the expression 

Hid for n»0 the result must be divided by two. 

Thus we are led to the series for/(f) and/(f, 9) of 1 67, L and IV., 
and they occur here as the limiting values of t; when <->0. 

»• Infinite Cylinder r=:a. BaiHattiin at the Snrlaee Into a Medhun 
itZero. Initial Tempenton t(r, 0). "^ - 'ff -e. Cca*^ 

Starting with tl>e expreauon for the line source at (r*, 9\ we 
tnnsform it as before into 

H=-2^Scosn(e-d')fo«-~V,(a/)J5r,<«»(af)do (r>¥) 

** — J V ...(1) 

= -^S«»»(^-^')Ja«— V,(af)i5f,«'»(af')rfa, (r<r), 

Ae integrals being taken over tiie standard path (P)'(rf Fig. 14. 
We then obtain the solution 

•i=^§ cos <Q-(() |a«-V,(af)/.(a/) 

over the path (P), and we prove that o«t;e+t;i» which satisfies the 
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Bv 
mixfaoe oondition ^4-At;aO» alao Batisfies the im^ oondition foii 

aoaroe at (/, 0'). " ^m^ /^ oi,-«-^ ^ ^ /(/^^^ 
Thus we are led to the Bolutioii 

|EJ»>(af)[a//(aa)+AJ.(aa)] 

^ <j;(«a)+U,(aa) ^^'^ -•« 

when f >/» the integral being taken over the path (P) ; andwhrn 
r</ we interchange r and r\ 

The solution in (3) can be reduced to an infinite aeriee by uring 
the path (Q) of Fig, 17» for we know* that the roots of the eqnatka 

aJ/(aa)+AJ,(aa)«0, (4) 

MSjJLxeal and not repeatfld. 

The coefficient of cob n(d'-9') becomes 

the munmation being taken over the positive toots of (4). 
Bat 

/,(aa) 7j^£f,»»(aa)-H,'«(«») j7^/,(aa)= i^ 
"' ' d(aa) " * ' " ^ ' d[aa) ' ' iraa 

and ag7^/,(ao)+*^,(aa)«»0. 

Thetefoie a^^HjHaa)+hH,^'\aa)^;;^^;^y 

Also we find that 

aa J/'(aa)+(l+*a) j; {aa):=^ ^^ (**+«*.- J«)«^« M- 
Therefore the coefficient of cos n (0—0') becomes 

(A.+a«-Jj)(/.(aa))« 
the summation being taken over the positive roots of (4). 

* GL footnote, p. 117, ;\ 
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Biiioe iha tempaatan at (r , 9) at tko time I due to a Mmoe at 
if 9 1^9 wl^M y diatjon taint place at ike auxfaoe into a madinin at 
mo^iigiveiiby f. 

- • (A«+a«-y(J,(aa))t 

ail ihia holds when r ^ /• 
When the initial temperatoxe is/(f), or/(n d), we have 

2 
a 


-f.?"^5P*^fe5?J!''/('V'"^*' •••-<« 


(**+o«-5|)(/. 


<rss«»«(«-e')«v— •H^ai2:S^i22 — ^Ij^iW. ...(7) 


If we assnme that the aeriee (7) can be intqpated term by term. 
the coefficient of Jn(or) cos ntf is 


ira«(*«+a««5.)(J,(aa))«Jj^^ 


9')Jn(af^eoBnffif'ie^, 


and for n^O, the result must be halved. 

Thus we are led to the expansion for/(f) and/(f, 0) of §67, III. 
and v., and thej occur here as the limiting values of v when l->0. 

90. The Wedge ol anj Anida.* 

In this section we shall find the temperature due to a unit line 
muce at (r\ 6') at ^=0 in the wedge formed bj 0»O> 0»0t» these 
planes being kept at zero. ¥rhen the wedge has an initial tempeca- 
tare/(f » 0), and the planes are kept at sero, the temperature at the 
time t follows at once from the solution obtained below. 

I. We start with the solution 

^ 1 ^ 32 — ^ 


*0t. 0»«il»w. LoiuUm, Proe. Math, Boe. (Sw. S). •, p. SOS^ MIO. 
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Introdaciiig the complex variable a, this beoomes 

1 .r?±?lT ^aa.U..M^ #!«. 


8ir«jcr 


■/■ 


^goof(«..#) 


e^«6**' 


da. 


the integral being taken over any closed path in the o-plai 
enclosing the point a==^' and no other singularity of the integna 

It is dear that singularities enter only from the poles a =s2mv'\4 
and the infinities of ei'^«»<«- w^ 

On putting a^a+ib, we see that when &ad:Qo, oos(oH 
must be negative or the integrand would be infinite. Henoei 
deforming the path to &»±qo , we must take care to have a inne 
a region that cos (a —6) must be negative. The shaded portioni c 



The path (A) in the a-plane 
VHMS. 

Vig. 18 represent such parts of the a-plane, and taking |0— tf^K** 
the circuit round a^0' may be deformed into that given in tlu 
figure, this new path being composed of two sjrmmetrical curvet 
parts extending to infinity, and two rectilinear parts, drawn at i 
distance 2t from each other. The integrab over these straiglv 
lines cut each other out, owing to the periodicity of the integraiK 
and the fact that they are described in opposite directions. We ai* 
left with the two curved portions, which we refer to as the path (A 
in the a-plane for this value of d. 

In connection with the problem of the wedge of angle nir/m, this aohitia 
was used to obtain another of period 2»ir, with only one singularity in ^ 
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•ad to Um Moond lohilloii the oMlliod of iiutges wm HVHed. (GL 
|79^ and Um matlmc^s p^^ in Froe. Lmidom Maih. Boc, M^ 1889.) 

Cloiiiid«r iko expreMum 




diA integral being taken over the path (A)^ ooneBponding to th« 
oonent oooxdinate d. 

(i) Thii expreaion %$ a idhUum tf (ke ejaaliUm tf oomA¥iiUm^ 
nnoa every element of the integrand Batiafiee this equation. 

(ii) liupmodievi^Qa/i^qffencdW^ A change in 0, e.^. frooi 
to ^> limply tranilatea the path along the real axia of a» and 
the term ^'^<»*<—^lM is unaltered. Further, if the dhange in is 
equal to 2nd« (n being any positive or negative integer), tlie other 
botor of the integrand also remains unaltered. 

(iii) It vaniihei vfhm 1-^ in the iniervdl —d%<d <B^ exogpt 
uien r-^ and d^\ vfhere U takei the farm 




To prove this, we have only to note that the path (A) can be 
changed into the two straight lines of Fig. 18, toge^er with the 
small circuits surrounding such of the poles as lie in the interval 
(O-Wf d+ir)* The integrab over these straight lines vanish inihe 
limit as t-U), since these lie in the shaded portions of the diagram. 
We are thus left with the circuits round the poles; and if 
-0«<d'<0« and -0Q<e<d^ the integrab round these 
circuits all vanish when <-^, except one which corresponds to the 
source at {f\ 0'). 

(iv) When r ->qo , the exprcMion vaniehee owing to the presence of 
the factor e-*-'/*-*. 

II. The solution given in (2) can be transformed into a series 
involving Bessel's functions by the aid of the contour integral which 
defines the BeBsel's function of the first kind.* 


^Cf. WhitUker and Watson, he. ct^. (3rd Ed.), p. S63. 
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We start with r*^^ 




^«.<.,«_^^^ 


««•-€«• 


tliep»t]i(il). 
Patting a—$—a', thia beoomes 

e M j g«M«. e K da' 
UiM — ^ 


«=»T 


over the path (il') of Kg. 19, 





The path (A') In the a'-plane 
JiQ. 19. 

e ^ 
In dqpanding ike tenn i^^^j^ g 

e ^ ^e^ 

we must proceed differentlj for the upper and bwer parts of the 

path(il')- 
Fnnn the upper part w)b obtain 

80X06 at the positive imaginary infinity in the a'-phme tf^^ 
van&hes and the series is convergent. 
Also from the lower part we have 
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Now if W6 dumge the ligii d a' in tko bwer paxt, we bn^g this 
Blegitl to ihd upper part, muI hkye^ fiiiAlly, 

om the upper partion d the path (il'). 

Now pafr u'»fKr^74cl. In the u-plane» the path proeeadi 
faom ihe native end of the real axis on the bwer 8iae» makes a 
enonit round the oiigint and ends at the negative end of tha xeal 
•DB on the upper ndoy as in Fig. 20. 



IM^lB. 


iii.,l.«dl7 i(^^|.-a"'~'«-(5*')*. 

over iiiis path in the u-plane. 
Thus It is replaoed by 

onnmng the oontonr integral for J»(s). 
Hence we have 

fvany value of n for whioh the real part is greater than — 1» 

^Cf. Qmy and Mathews, foe. ei^.» p. 78 (161): NlelMn, loe. ci^, p. 184 |SK 
^ formnU for a podtive integer n wae firtt given by Hankel (JfoO. ilMk, 

O.C.II. N 


r 
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Theief ore our solutioiit with period 2$^ can be written 

in* Now let d' lie within <0 <0«» and denote the sdutioa 
foimd above in (8) by v{e'). 

This has the value required by a source at the points (/, d' ±280^\ 
M being zero or any positive integer. 

Similarly denote by v{--0'\ the corresponding solution for (—0^ 

Then v^v(d')-v(-9') 

xr«— V^(af)/^(af')(fa ,...(4) 

flatisfiet all tiie condittona f<n the temperature in the wedge 
0<<d<d^ the unit line eonroe being placed at (r*, ff) at t-% 
and the planeB bong kept at zero. - 
The solution given in (4) can be written in the form 

• vr^l-±A^'^ema'!^ff[iur^Vn.(«r)J^{ar')da (5) 

VO I • C70 uo Jo 5 5" 

In § 78, in., we found this solution by images for the wedge o< 
ang^ ?r/m, where m is any positive integer. The result is now sen 
to be true for a wedge of any angle. 

We have been dealing in this seotlon with a line sooroe throned (r'* 9y 
If we start with a point Mmroe at {r% $\ z') and take 

we obtain by a similar argiunent the sdlutlim for the point aonroe in the Ion 

SL Lilbiite Gjrlinder. The Sorlaoe r=a and flie Plansf 0-(t 
0»9« kvpt at Zero. Initial Temperature f (r, 0). 

We start with the solution of § 90, corresponding to the Gm 
source at {r\ d'), namely, 
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At w» liav« Men in 1 88, this mty be wziMen 
1^— l-;^«ln^tfiln^(rJar-V5j(ar0flg(af)*i {r>o\ 

the integnls being taken over the path (P) of Fig. 14. 

This lead8» aa in § 88, to the solution for the eouioe at (r*, 0') in 
the Mdid bounded bj fsa and 0»O, d=0« : 

xJ««--''jA^|fl*^(af)/5,(aa)-ll2:(aa)/5.(ar)lAi. (2) 

when f > f', the integral being taken over the path (P); and whien 
f </, we interchange r and r'. 

This solution can be reduced to an infinite series as befoie by 
introducing the path (Q) of Fig. 17. 

Then we obtain .,i 

«l 
tiie summation being taken over the poative toots of J^{aa)^0. 

But, aa in § 88, ^^{aa)J'^(aa) = -^. • 
Thus (3) reduoeB to 

-«4;??-f ^-f ^--^^^pIj- w 

which holds when r 5 r '. 

The solution for the initial temperature /(r, 0) follows at dnee 
from (4) bj integration, and we have, for this case, 

ia.|«2,n.i 
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Thb loUowing repulto oaa be obtained by the method of the pieoediB| 
Li eeoh caae the nufaoe of the iolid k kept et tempentoie wsn, 
[ m unit wniroe ii placed *t < » *t * point of the ioUd. 

1. The SciidUmndedinUrnatty by the Cylinder r^a. Line Sawee ai {t^^ ty 
Beve the temperature *t (r, $) *t the time < if glyen by 

X {Jn(^)H^'K^) ^J^{aa)H^^Ki^)}da, 
wliMi f<f^. Weinterohanger end r'y when f>f'. 

IL The Soiid hounded iniemdlly hy ihe Cylinder r^a, and the Phnee $m^ 
e^O^ Line Source aUr'^ e'). 

In this eeae we ace dealing with the region 

Then we have 
•-iSrin^^rfn^tf-r •«— '•-ll 


t //•;(or)lC(«a)-/«^«a>llSl(ar)\A», 


r<f*. We intcnhMige r and r", wben r>r'. 

UL nea4ilidbow»dedbpth«0yUmhnr^aandrmh. Lin»Bouni$at{r',ty 
In this CMS w* an dealing with th« ngkm 

Then we hare 

{/,(aa)J!r,i'>(aiO-/-(«')V(«»)) 

*-• |j{j;(aa)J?,<«»(«»)-j;(«»)ir,n'(aa)> 

wlien f >f'. We interohange r and r'^ when r <f'. 
The mimmation in a if taken oyer the positive roots of 

J,(aa)J5r^<»(aft) - J,(o6)J5r^<»>(aa) =0. 

The above resoH reduces to 

wbcie I7,(ar) oJ,(ar)ff,<»(a6) - J«(a&)£r,<>*(ar). . (a f 02, L) 
IV. TheaolUl)(mmttdl^th«Cytttidenr'*aandrmb,MdaePlaiuse>^ 

• In tUa eaae we an dealing with tbe legion 


BOLunoK or ths bquation or ooNDuoiunr iw 

IhMirahMr* 




••»■ * if «l * -' 


dMar>r'. W* iataohaaai r and r*. whaa rKr*. 
Hm MinaMtfoa ia • k tekm OTw tha poiitfva looti of 

if if if i? • 

The •bora npnlt ndnoM to 

*• " **• *• ^a»)-/L(«i) * * 

if if 

¥ if if if K 

V. The Wmlgi bmmdtd by IJU FUmu f -Q, s-Jk. 0-0 owl 0"$^ ftlmt 

mmat(r',e',a^ 

la tUt «aM ira an dMling .with the ngian 

ThanwehaT* 


avtiwiaai a a tf« v« 

•'• if if 

VL The Bolidbounitd iy (>« C)/linder r >a, ami Oa PfaiiM a-iOt a«l, tf «A 
««<tf-0i. Point Bome$ at (r',(f,ir). 
In tUa oaae wa an daaUng with the ngioo 

O^r^ O^e^e^ O^B^k. 
Then we have 

•-^ i Sja~'T^*ain !]f f «u J^falny «ainy tf' 

the eammation in a being takan over the poaitim loola o{ Ja,(«i)«a 
(Cli«2.m.) if 
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9S. She Spbflra r»a. bttlal Tempefatuit f(r, 0, ^). SuiIm 
Vemperatim Zero. 

In this case we start with 

where lP=f*+r'«— 2f/ cos y, with the usual notation, y being thi 
mogjle between the radii to (r , d, ^) and (r ', ii\ ^'). 

But from the expansion of e"^' in a series of Zonal Harmonioi,* 
mre have 


' V(^0? (2»+l) jij/.,»(g)p.(co. y). 

But J]^a«-V.^»(«r)/.+»(«/)A,=i^^4l'^-+»©t- , 
Hence 

•^•^45?^^) % (2~+l)^«(«» y)|J «^-V^+lM«^i.+l(«Oda, M.(l) 
- But,asin§88» 

ofverthe path (P) of Fig. U, when r > /; and we interchange r,/ 
whenf<r'. 
Therefore we have 

«^#= ~85?7(;7) ? (2n+l)P«(co8 y) jae-V^+l(a/)fl!:!H^(af)da, (&) 

. when f > /» the integral being taken over the path (P), aiid r, / 
bdng interchanged when f<^r\ 
Nowlet 

t^=g5f^5 (2n+l)P,(co8 y)jilai5-V^+^(af)J^+t(af')ia, 

over the path (P), and choose A so that v«+f;| vanishes when r ^s* 

•Of. Heine, loc. eU., Bd. L, p. 82 (14). fOf* footnote, p. 108. 
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Thk leads to i[»^S±lM. 

Alao W6 havo 

xJae-'»^±ij^J^+l(aa)fl2^^^ (8) 

whea f > / ; while we inteiohaiige r and / when r < /• 
It can be shown, as before, that this vahie of v satisfies afl die 

conditions for a source at (/, d\ ^') at 1^0 in the sphere. 
This solution can be reduced to an infinite series by introducing 

the path (Q) of Fig. 17. 
Then we obtain 

the summation in a being taken over the positive roots otJn^^{aa)=^0. 
But. aa in §88, i5rl+|(aa) Jii+|(aa)« -— • 
Then from (4), we have 

the summation in a being as above. 

If the initial temperature of the sphere isf{r, 0, ^), the temperature 
at (t, 6, ^) at the time t follows from (6) by integration and we liave 

Remembering that 

x(l-M'«)'i>-P.(/)cosm{^-^0. 


aoo 
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ife win be seen tbat this flohiti0ii agiees with the rerah obtaint 
in § 67. 

Oowever, in the disoiusioii in this aedaon. we have not tmam 
tl&at the arbitaniy fanoti0n/(f, 0, ^) can be expanded in a aerifist 
\ of the fozm 


(arr»J.+|(ar)(l~/u«)'l>"Pi.(M) ^m^. 


OHAPTBR XI 

THE USB OF OOMTOUB INTEGRALS IN THE SOLUTION' 
OF THB EQUATION OF OONDUCnON 

In die pieviotts ohaptar we luKve obtained the gieen'sfanctiomt 
in several oases by mtqpating soitoble solutions akmg a path in the 
pisne of the complex variable. The same method can be applied 
in other oases» and, indeed, it is the simplest and most diieot way 
of solving many problems of condnotion. In this ohapter we shall 
apply it to some problems already solved by elementary methods, 
and to others which, so far, have not been solved at all, or have 
only been treated by Heaviside's " operational method.''* In this 
dasB may be mentioned the problem of the semi-infinite rod composed 
of two materials, the end kept at a constant temperature, the initial 
temperature of the whole being zero, and the corresponding problems 
for the finite rod and the sphere. The methods used in the solution 
of these three problems give equally satisfactory results when the 
iQiface temperature varies with the time, or radiation takes place 
into a medium at a constant or varying temperature. 


^ Heayiaide** " operational method '* may be said to be limply a kind of abort* 
kftod. The formulae can be eitablished by the uae of the contour integrab employed 
^ the following pages. And the resulte are confirmed in thie ohapter. Bat hia 
vork is hard to follow, and it may safely be aaid that he makea little attempt to 
Justify the atepa in hia aigoment Indeed the real juatification of hia method 
Mema to depend upon aome auoh uae of contour integrab aa will be found bek>w. 

Reforanoe ahonld be made to Heayiaide*a BUdromagnetic Theotff, VoL II., 
Chapter v., and to hia paper in London^ Proc. B. 8oc,, 68, p. 004, 1803; akoto 
Bromwioh'a papera, JUmd<m, Proc. MiUh. Soe. (Ser. 2), 16^ p. 401, 1917 ; PkO. Jfog., 
^^>ndcn (Ser. 6), 87, p. 407, 1919 ; and Cambridge, Proe. Phil 8oc, 80, p. 411, 1021. 

The method employed in this ohapter waa given by the author in hia paper in 
f'ha Mag., London (Ser. 6), 80, p. 603, 1020. See also Cambridge, Proe. PkO. 
*»., 80. u. 300, 1021. 
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aOS THE USB OF CX>NTOXJR INTEGRALS IN THB 

UNEAE PLOW. 

W.8MiiUiiiliiito.Bod(z>0). End z»0 k^pt at Oomtamt Iba. 
Tf Inttial Tempafatoit Zom. 


CSonaider the integral t;=Me^-'""*'*ifa (1) 

: the standaxd path (P) of Fig. 14. In this path at infinity in 
tile light the argument of a lies between and {wt and on the left 
iMtween f ir and T. 

This value of v satisfies the equation 

it abo satisfies the conditions at x^O and Is0. 
For the initial condition put t^O in (1), and we have 

sir***' ^^' *^® P**^ ^^^ ^* Fig. 14.* 
Consider this integral over the closed circuit of Fig. 16» connstisg 
of the path (P) and the part of a circle, centre at the origin, lying 
above the path (P). There are no poles of the integrand inside 
this circuit, and therefore the integral over the whole vanishes. 
But when the radius of the circle tends to infinity, the integral over 
the circular arc vanishes, x being positive. It follows that the 
integral over the complete path (P) vanishes when x is positive. 
For the boundary condition put x=0 in (1), and we have 

T^ J - id, over the path (P). 

This is equal to 

>~ da, over the path (Q) of Fig 17, 

since the integrand is an odd function of a, and the integrals over 

^ For a man ezaoi diiownion, we 111011111 oomider Lt (v), when « U » glfis 

p oe ttiv e numlMr, and IX (o), wlieii lie » given positiTe number. It U not dliBeott 

to show thai the Telne of v given in (1) ie a oontinnoue fonotion of I, when t^^ 
» being a given poeitlve number, and » oontlnuoue funotion of v, m^ien s^S^ 
f being a given positive number. 

The flame remaric applies to the diflonssion of the boundary and initisl oondiUosi 
throughout this chapter. 


SOLUTION OF THE EQUATION OP OONDtJOnOM MS 


ilM ciienhr uoi at infinity (dotted in tike diagnun) yanidi» wlin ( 

ii'podtiye. 
It foUowi by OftudiT'a TliMn«nitliat» wlienaoO, vis equal to «v 
Tlras the vidue of v given in (1) satiifies aH tike conditjonii ci our 

pioUem« 
Bat the path (P) oan be leplaoed m (1) by the etiaight path 

of Fig. 21, with tike aemi-oiiole endowing the origin ; and, by letting 


O 

no. ti. 


the ladius of this dide tend to sero, we obtain our eolation 
inihefomi , 2 f * ^sinoo; 


Now it is known that 


l_*re— .««°«rf„ (2) 


j:- 


2a 


ud that we can integrate under the ugn of integration. (Cf. FJ3., 
p. 19B, Ex. IS.) 

Jo a; 2a Jo 

It follows from (2) that 

m 

v=l— f e-^'if, (Cf. p, S6, Ex. !•) 

98. SemMnflnite Bod (z>0). End z«0 kevt at Tempantim 
looscot. Initial Tempeiatue ZeiOe 

Consider the integral 

"-si*— ^ •••••• <« 

over the standard path (P) of Fig. 14.* 

This value of v satisfies the equation ^=k ^^ , and the same aiga- 

ment as in § 96 shows that it also satisfies the condition at 1=0. 
For the condition at the end of the rod, we take the integral 

•In ihii OEM the path (P) ii to lie above the poinU 'J(^)«**' «»* 'J(^)^« 


THE USE OF OONTOTJR IMTEORALS IN THE . 
TtoB 18 equal to 

thepolasof «hemtegiaiidaieat^(^)6^H*, V(?V^* 


It foUowi by Oftttchy'a Theorem that» when xaO, we Un 

Thus the value of v given in (1) satiafieB all the oonditioDi of our 
pKoblem* 

Bat the path (P) can be leplaoed in (1) by the atraight path d 
Fig* 23 from right to lefty with the small cixcleB enclosing the poi&ti 



We thua obtain our solution in the form 

It €tn be shown that 
and from this eqnslity the solntkm in (2) oan be rednoed to 
aslomidih |28. 


SOLOTION OV THE BQUATION OF 001IDU0n(»T SOS 
If tiw tn^mtam al tb« Md a-O ta kap* a* •dB< «• atvi «ilh «h* 

Ml*** ml tea «l the Mwinr b 


17, UuMimm Bod («> 0). Radfaitioattx-Ointoft] 
rt OcMtMt TuBUBite* T» Initial' 


over the itandaid path (P) of Fig. 14. 

It foUowi as in §96 that all the oondttioDs of the pidblaiii mn 

Mftiified by this value of v, the condition at a^«0 now being 

dv 
— ^+*(v-^o)«»0. 

We may replace the path (P) in (1), as in § 96, by the rtiaight 
peih of Kg. 21,*and by letting the xadius of the aemi-oiide tend 
to cero we obtain our sdntion in the f onn 

„«,,.^_.J e-» jpqpjjj (2) 

By wing the integral 

r. . , Asinflur^-aooiflur . 
e-^^^naxdxm j^ e-H 

the aohitkm in (2) oan be lediioed to 

V(««) 
II obtained in 1 25. 

TIm gndimtt ^ at s aO follows diteotly from tha nlna oi « in (1 ). 
forwahaya (^)^_^-kJJ^Ai, orarthapathCn 

nd from tbit we obtain tbe approximate valne 
Hon p. 52. 
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98. 8mUiilliiiteBod(z>0). Badiatton at z»0 into • HMtt^ 
wk Tampeiatim aoosi^t Initial Tomperatua Zeio, 

Here we take ,,=*? f ^f!^ .^j^*^^ m 

over the atandaid path (P) of Fig. 14.* 

It f ottowB as before that all the conditions of the problem an 
satisfied by this value of v, the condition at x^O now being 

* dv 

— ^+A(t;— acoBirf)=0. 

The ablution given in (1) reduces to 

—-, ^L___.-</(a'e„(^_ /(«),_y) . 

Vt(»+V(s))+E} ^ "'^^ ' 

* i^Asinaa^+acosaa? o'da 

"^ W^ 55+5^' 


IT Jo 


^ei« y^^^^JkH 


For ndiatkm at «sO into a medium aiamniai, we start with the integral 

•K»J a -to a* +«■/««• 
rer the path (P). 
The sohition reduces to 

8lkM»r ^^Jksincur-i-aoosa^ a4a 
wbsfey has the same vabiess above. _ 

90. SemiJiiflnito Bod (z>-a). Vtom z»-a to zaO ol OM 
■ataial : bom z=:0 to Inflnitsr ol another. End z»-a luti at 
Constant Temperatore t^. Initial Temperature Zero. 

With the usual notation, let v^, £|, Ci, pi refer to the interval 
—a <ap < 0, and v^, K^ e^, pt refer to a; > 0. 

A]|M>let Ki^Ki/cipi and Kt^KJc^pt* 


• The footnote on p. 20S applies here also. 


80LOTI0H or THB BQUATION OV OOMDUOnOH fOT 
TImb tlie cqaatUMM to be tolTcd MM M follows : 


(2) «|>M)^ whi&ax' 
(S) «i«-0, wheiil»0, •-a<«<0: Vt«"0» wlienlsO, «>0l (S^ 
(4) Vi^p^ wlieii«»0, 

Itiadatrtliftfe •|»(^,^+Ble-^r^^ 

wboe Ai«<y(«i/itt). Mtkfy (1) and (r). 
The7 alflo satisfy (4) and (6), provided that 

Thus <ii»}(l+<r)ilt, £i=}(l-<r)ilt> 

Inteodnoing the path (P) of Fig. 14 and choosing a anitahk 
value for At (this value is indicated by (2)), we are led to tiie 
Bolutions : 

^_tH,f(l+«r)«*-+(l-ir)e-*-r^'«. ,,, 

i •» ♦irJ(l+»)«-^+(l^)^ a *" ^•' 

"d »«'-:n?](rw )e-^+(l-^)e^ a *■' • <'V 

the integrals in both cases being taken over the standard path (P). 

^he expressions in (6) and (7) satisfy the differential equatioDS 
(1)' and (r), and the conditions at a^^O given in (4) and (6). 

They also satisfy the remaining conditions (2), (3) and (3'). 

For P I ^ da over the path (P) 

is equal, as before, to Vq. • 
Also the roots of the equation 

I (l+<r)e-<-+(l-(r)e<-=0 

awi given by 


M>8 THB USB OF OOMTOUR mTBGRALS IN THB 

We may therefore use Kg, 16 as before, and we see that v^ andv^ 
rmniahy when f »0. 

.We ehall now amplify the solution of our problem we have 
olytained in the form of a contour integral, 

I. <r>l. Pnto'SBOothd. 

* tirjem{aa+i0)a r- ^ / 

tvJo lsin(aa+t0) Bm.{aa—td)f a : 
»^___ J^_^_g____ A, ..(8) 

^ T Jsm(ao+td)a r ^ / 

{*(l+taiihd)8iua(M«+o) 
-(l-tanh 0) tina(ttx-a) •-***, ,o» 
, 008)i2d-co8 2aa a *»' -t*' 

IL V-1. 

Then •,-^[*w»+->-"^'*A», 

, ° • -over the i»th(P). 

These reduce to 

▼ Jo a 

-%r *'^''''* •• • ••<^<>) 

,nd •.=^r «'^'''» •••(") 


IILO<ff<l. Put <r=t8iihd. 

^•^ (l+<r)e-*-+(l-,r)e«- co8(oa+»0)* 


>£ 


> Udi« tiM tatagwl r«-^^— ?«te«^ r#""««, M in 1 98. 


80LOTI0H OV THB EQUATION OP OOMDUOTIOK tM 
ilw onr ■ohitioM (6) and (7) ndoM to 

ud 

f* (1 +teDh 9) nn aOts+a) 

•k-"^ 5^ ^J, eadi29+008 2ao ^S *^ ......(IS) 

TUt ptoMem WM dkawwd by HMTtaids (loe. eit., p. M). ths snkHeBt 
It sm .a baing nquind for tb« quMtion ol the jL§t et the Birth. Tfcb 
gradknt ioUowa Mt oooe faom our-wlntiou (•) and (7). 

onrthepfttli(P). 
Put*-^. 

Henoo for large valaes of i w% have approximately 


When the surface is kept at zero and the initial temperature of tba whole 
lolid is v^ it is dear that the temperature gradient^ when dr-i-Oi will be 
ninus the above. 

But the gradient in Kelvin's chissical treatment of the Age of the Sarili 
(188 above) was found to be ««/(irfC|l). . 

This modification of the problem, allowing for greater conduetivity and 
opacity for heat in the interior than in the outer skin, makes the interval 
nqnired for subsidence to the same gradient (K^^^KK^Dif^) times as great 
II before. 

With the data adopted by Perry and Heaviside,* and the above notation^ 
{^^t)HKieiPi) is nearly 400. Thus Kelvin's estimate of 10* years would 
^incrMsed to 45x 10* years. 

^ Cf. p. 221 and the footnote on p. 60. 
ao.H. o 
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100. Bod Of Ltngtli I The Endi z«^0 and z«{ k^pt it As 
ventoiei SSoEO and T^ ravpeottfily. bttial Tomperatim Zhkk 
It 18 dear from the argument of § 96 that 


tirj 


,^a *»' • « 

over llie standard paih (P) of Fig. 11 satiBfies all the condituns «| 
our problem* 

From this eolation we obtain, as before, 

•-^ J^ ^"" V over the path W) (rf Kg. 17. 

And finaUy, by CSaudiT'a Theorem, we have 

IT iw 

moM the poles of the integrand are at 0, ± j, =^^f ^« 

Ani>lhfir lonii of the sohitkm osn be obtained as f dlowB : 
We have, from (1), 

«*fe 2 f(el«((2ii. l)I.«) -«M(2ii-l>l+i»} -"*•'* iJa 

=?^ I J^{Bin a((2» - l)J +») -ain a((2ii - 1)1 -»)} t'"''*ila 

-iKr-^-'-Sf-r-"*-'-**}' 

(2H'fl)l4-# 

-f.^li^X-.'-*'^ (ct|7«.in.) ^ 

A similar treatment of (1) leads to two ejq[iK8ikNis for ^ 


For snample, we have 

-y[l+«S(-l)-«""T^'} 


* Tha f ootnoU on p. 206 kppllM here abo. 


aoLxrnoN OP thb equation of oonduction 211 

ISLBodcfLmsttiL 13MBndiz>M>aiidzWk«ptatllimp«ft- 
IBM ▼• and Zwok NVMttftljr. bttial TUnpMntUN Zani. 
In this cue the aolution is obviously 

IT J Binal a 

9?erihe path (P) of Fig. 14. 
And this leads, as before, to 

i-l--?;i««T»' ' } <2> 

The ramarki ss to a leoond form of the solatioiit and the gradient mt^ mn 

aqiiilly appliosble to thie case, whioh, of ooiuie, oould be deduced from the 
preoeding by a change of origin. 


102. Bod ol LengOil. ThaEndsz^Oandz^flnvtat^ 
toM Zero and Ot, ravpeothPily. Initial Tempscatoit Zeia 

In this case it is clear from the argument of § 96. that all the 
eonditions of the problem are satisfied by 

C (An ax e-~'* , .-. 

tKirJ sin aio' ^ ' 

over the path (P) of Fig. 14. 
Agam we may write (1) in the form 

— f sin aa? 6"^'* , . 
^ 2t/cirjsina2 ? **' 

over the path (Q) of Fig. 17. 
And, finally, by Cauchy's Theorem, we haye 

When »») is kept at temperature CH\ C^, etc., the reevHs csn be obtained 
in the same way. 


*1L1 


THE UBB OF ooinx>Tm nmSQRALS m T^ 

XCS. BodofLtngOiL TheEiiilis»Oaiids»{teptitTteipflcii 

Zafoandaoostft^raipeottvily, Inittal Tomperatura Zhkk 
Xn this case it is dear that all ihe^^)onditioiiB of the problem an 


atiflfiedby 




smofl^ 


I sin al 

cyver the path (P) of Fig. 14.* 
A¥e may write (1) in the form 


e— •< 


rfa, 


2ixjsm<u 


•HV/i? 




.(I) 


' 2ixl 

«hepftth(Q)ofFig. 17. 
And, finally, by CandiT's Thetnem, we have 


a 




+T?(-1)" 


sin 


nir 


n«ir»/P 


i *tt«T«/l«+i»«/««* 


— COS /bi (a?+ Q cosh /i (x—I}}cos i9l 

— {8in/u(x— Z)8inh/i(flc+I) 

— sin /A (ir+I) sinh /A («— I)}8in i9l] 




+=^^(-l)-rin^»r7^-i7ir.^^i7-.e 


T 

Similsr remits may be obtained lor the esse when « nils kept at sdnH 
and when the temperetures at jrvO and ««! are interohanged. 

UHL BodolLeiigtliL TheEiids»01i«ptatZezo. Badiatioiiati-') 
intomllMfamiatCkmsta&tTempeiatiire?^ Initial TempemtmeZmi 
Here we have to solve the equations : 
dv 9H) 




ar«' 


=0. 


0<x<l 

when l»0, . 


^+*(«— V0)=O, whenxssj, . 


v=«0, 


when a^csO. 


..(1) 

..(2) 
..(J) 
..(4) 


* The footnote on p. 208 applies here alio. 


SOLUTION OP THK EQUATION OF OONDUOTION SU 

Startiiig from the lofaitfam Amnaxr^'^ of (1), whioh vaiUBlm 
whm »^0t wo are lad b7 (S) to chooia A so tbat 

ai 001 al+A(il im ol— iio)»Ot 

U. Am. *V 

^, ^ awmal+hmnal' 

Introdnoiiig the path (P) of Fig. 14» we obtain tike aolirtioii of 
our pzoUem in the fonn 

Bin 02 «"••** J /« 


fir Jc 


lacosoI+ABinoJo 
the int^gnd being taken oyer the path (P); 
It is easy, as in § 36, to ahow that the roote of the equation 

a COB al+h m o2»0 •••••.(6) 

Bce infinite in number, all real, and not repeated. They are 07m- 
metrical about the origin, and may be denoted by 0, ±0|, ±at, etc. 
The solution giyen in (6) reduces, by using the pith (Q) d 
Fig. 17 and Cauchy's Theorem, to 

the summation being taken over the positive roots of (6). 
1$ rsdiAtion tskcs place at « => Q and « » I into media at opnstant 


Vi and «a* respootively, we are led to the solution in the form 

%wj^ 'a 

over the path (P), where A and B are determined by the equations j 

•'Aa-k-hB^hvi, 1 

^ [a oos ol •»• A sin ol] + B[ - a sin ol •«• A oos ol] s Av, . j 

The ease of radiation into a medium at Cf, Cf V sto., or a oos til^ a sin •< 
•to., oan be treated in the same way. 

For example* if radiation takes plaoe at «» < into a medium at tempeiatnif 
Of and the end « ■ is kept at zero, our oolution is given by 

*'""''ti»joco«oJ+*8inolo» ^ i 

ovor the path (P). 

In eaoh ease we obtain the value of t> in the form of an infinite series hf 
takbg the path (Q) and considering the poles of the integrand. 

106. Bod ol Lengfli b composed ol two different Hateiiali. The 
Knds z=0 and z»b k«pt at Zero and Ckmstant Tempscatnit i^ 
nipeotivelF. Initial Temperature 2Sero. 

As in § 99, we let Vj, K^ Ci, />i refer to the first part of the rod 


814 THE' USE OF OOMTOUR INTKQRAL8 IN THE 

Thm the eqiiatioiis to be sohred are as foQowa : 

<i> ^=«»&' «<-<- !•=«.&. .«<«<t. -a-) 

(2) Vi«0, when x^O: t>i=v«, when »=6, (f) 

(S) Vj=aO, when <=0,0<»<a: t;,=0, when «=0,a<»<6.(8') 
(4) Vi»t^„ when »;=a. 

(6) ^i^~^t^» when «=a. 
It 18 dear that 

Vi=ilt8inaxe-««»'*, 

i)a»{ilt Bin Ma(a?— a)+Bg edn fAa{b—x)}e^i^\ 
where M^^/W^ct), Batiafy (1) and (1'). 
Thqr also satisfy (4) and (6), provided that 

Ai sin aa^B^ sin ^0(6— a), | 

Ifjili COB oa»£,;A(ilj|---J}j| cos /ua(6-a))./ 
Thus we take 

Af=^(crcosaa+einaaeotfAa{b'^a))Ait 
D sin oa . 

' Bin/ua(6— a) " 

where «'=»^l/^fM=*^/(^lClPl/^t^•P•)• 

Intcoducing the path (P) of Fig. 14, and choosing a suitable valus 
for ili» we are led to the solutions : 

Vo f sin aa e-*'*'*, 

''^"^hj^a ''«' •;•• ' W 

_»t f/ 8in/ua(a?-a) , sinog sin/ta(6— ap) \ «-^»*"* , .-. 
"'•^S;;: J Uin Ma(6~a)"^7Hr sin Ma(6-a)/ a **' •••^^' 

where jP(a)s=<r cos aa sin /ua (6— a)+sin aa cos /bio(6— a)» 

the integrab being taken oyer the path (P). 
The value of v^ given in (7) reduces tp ^ 

^ «0 f<rcosaasin/ua(x— a)+sinaaoo8Ma(a;— a) «"^»»'* , /«, 
t.,»^J y^^j da, (8) 

ova dte path (P). 
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Hm ezpraMiont in (6) and (8) satisfy the diileiential eqnataoiis 
(1) and (!')> ftnd the conditions at x»0 and xm^a given by (2), (4) 
and (6). 

Further, ^putting flr»6 in (8), we have 

tTJa 
over the path (P), and we know that this is equal to iv 

We shall prove below that the roots of the equation 

F{a)ma' cos aa sin /ua(6— a)4-8Ui aa cos /bio(6— a)»0 ,......(9) 

^ infinite in number, all real, and not repeated, and it is dear that 
to asch positive root there is an equal and opposite negative root. 

Then using Fig. 16, as before, it will be seen that the values otv^ 
and Vt given by (6) and (8) satisfy the initial conditions (3) and (S'). 

Finally, the solution is obtained as an infinite series. 

For we have, from (6) and (8), 

5^ v- fsin ax e-*«»'* , 

_ t;^ f <r cos aa sin /ug (ap— a) +sin aa cos fxa (ag—a) tr'^^j^ 1 
^•"■2tirJ Tiflj ] a 'J 

over the path (Q) of Fig. 17. 

Hence v,^v, { -n^-^ +^±"^ -"^"1 - .-.(lO) 

™ vcoaaaasin/uoaCa;— a) 

ike summation being taken over the positive roots of (9). 
• When the conditions at the surface are of the form discussed in 
the previous pages, the method of this section can be applied with 
saocesB to the solution of the problem. 

106. It remains to discuss the roots of the equation /1[a)s0. These are 
tbe conimon i^oots, if any, of 

sinoasO,!, ... 

sinfui(6-a)«0,i "^ ' 

tod the roots of a'0otaa+ootfia(6-a)»0. , (8) 

The equations (1) will have common roots other than zero only if fi(6*a)/a 
i* rational : and if fi{b-a)/a is small, these values of aa will he large. 
From the curves . ^" 


^Bcrcoto;, 1 

y--COt/i^-^;ir,J 
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it is dMT (hat thero are ad infinite numlmr of real rooU of (8), and Uicir 
position can be determined. They »re symmetrically placed wiUi regard to 
the origin and they are not repeated. 
Further (2) eannot have a pure imaginary root^ iii say* since 

o" ooth ai) -f ooth fii)(b - a) 
oannotbeMfa 

We shall now show that there are no imaginary roots of- (2) of thi 
fonn ^±ti7. 
Oonsider the fonotion U defined as follows i 
[Uicssinox, 0<x<a, 

sin on . /I V ^ ^t. 
in/ia(6-a) '^^<^"^>' «<*<^ 
where a is a root of J(a)»0. 

Then we have ?^ +a«Ui«0, < s < a, ....(M) 

^^9 +^«a«l/,»0, a < « < 6. (18) 

Also '(7tsO, whenxsO; Ug^^O^whease^b, 

And Ui^Uf^vrhieiaxssa, 

Farther, when « a a» 

'"^ — ^^--.(iC|00saasin/Aa(6-a)4-ir|fisinciaoosfMi(fr-a)} 

sO, since iTi^crfiAV 
Let a and ft be two different roots of J(a)aO. 

Let U^ V% have the yalues given above, and let Ft> Ft be the corresponding 
I when J8 is put in the place of cu Then we have from (12) and(lS), 


ThefdorB 


^(a«-^)£c^,F,iiF+^jr(U/T,-l^,Fn*?-0. (14) 

(a*'P')fUtVidx'^ /(^I'Ti- TiFnAr-O. (15) 

-~ jTce^.F,-- e^,'T.)cii;+jr(erjFr- r,'T|)iii; 

-f-;[er,F/- e^,'F,J+[er,F/. u^'v^J 


But w have seen that 


when xma. 
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ItfoUomthi* 

(••-/9«) {jft^iF, A'+l J^ I'iFt ««»} -01 1<1«I 

rt 0, /B OMUMt ba ol the 
into iuMfliiMMiM Mid 


II to oloir from (16) that a, jB OMUiot bo of the lonii $±i^, rinoe U^ Ft 
•ad U^ Ft woukl he ccajngitte imagiiiMiM and 


wQold be poritlye. 

FLOW OF HEAT IN A SPHEBE. 

107. When the initial and suxfaoe oonditionB in a honu^gemeoaa 
sphere are suoh that the ieothezmal suifaces are oanoentric BpktoEm, 
we have seen that the equations for the temperatore oan be zednoed 
to those for a rod whose length is equal to the radius (§61). Wlien 
the initial temperature is sero and the surface is kept at the 
constant temperature % the equations f or d are as follows : 

d d* 

ai<^)=='^8ti<^)» 0<f<a, 

t;=0, when <=0, 

v=v«, when r =<i. 
Thus, from i 100 we have 
I Vuaf sin af «"*•"* • 

I fTjsmaa q 

over the standard path (P) of Fig. 14. 
Also 

a (~) +iio« ^ f cot ua 6-- "« Ai, over the path (P), 
Tjl-e*^*'' ^ 

« ?^|V-'«ia+^v|*cos2iiaa«--'«&i 
ai^proximately when ( is large. 
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And when the initial tempexiitaie of the sphere is v^ and the 
sux&oe tempeiatuie sero, we have the approximation 


(SL-^ 


^ 


Lei ii and f| be the times required for aubeidenoe to a oertain teniperatme 
gnidient at the mirfaoe in the plane problem ({28) and this sphericil 
problem. 

Therefore 4. l-.5Zfe*l. 

Let <t««i+T. 

Then 7»~V(i>'«c<i)i approximately. 

Bat the gradient of 1 degree in (M) feet adopted by Kelvin is the same m 
1 degree in 8743 em. 
Also a>-6*38 x 10^ cm. and 9t»4000* C. 

It follows that ~«^.* 

108. Spheieoliadfaisbeomposedoltwodifteentllatarials. From 
r=0 to r=a ol one: from r~a to r=b ol another. Surface r^b 
iDQpt at Constant Ttenperatore ▼«. Initial Ttenperatare Zero^f 

As in § 106, let t^^, Ki, C|, pi refer to the part from r =0 to r^a, 
and v^ K^ Cf, p%to that from r^a to r =6. 
Also let Ki^KJcipx and Kt—Kjc^p^. 
Then the equations to be solved are as follows : 

(2) t^t'^^sf ^^^^ f =6. 
(S) t>i=0, when <=0, 0<f<a: r,=0, when <=0, a<f <6. ...(5 

(4) «i=Vt» when f==a. 


(6) X,^^=iiC,^», when f=a. 


^•This agrees with Heaviside's result, foe. d^., p. 14. 

t Heaviside solved this problem by his "operaUonsl method*' (of. loe, cU,, 
pw 19)» but he has not published his investigation. See also the papeis by 
Bromwieh end the author (Cambrid^ Proe. PhiL 8oe.p Se) rafened toonp. 201. 


i(b^a) I 
B(6-a)y 
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Ob pnktmg Vit^Ui and Vif^u^ these xeduoe to : 

l)5*--fi^* 0<f<a: ^"'t^* «<r<»- ( 

[) ii|»0^ wlum f«-0: fii »6t^ when r^d. 

)| n^aO, when l«-0, 0<f<a: tit'^O, when l»0, a<f<6. 
' . (9) Ui^u^ when r »a. 

(10) K, (a ^-Ut) ^K^{a ^-tn), when r^a. 
It is deer that 

Wi=Mi «tt Ma(f--a)+B, ■ln>a(6--f)) a-^*S 
where m^VWic,), aatiify (6) and (6'). 
They alao aatiflfy (9) and (10)> provided that 
Ai sin oa»£t "in ^0(6—0), 

-*JBs8in)uo(b- 
Therefore 

aail|— B^ \aa cob /ua(6— a)+- sin /Aa(6— a)J 

^o-Coa COS oa— sin oa) ill, 
where Kx^K%fii9* 
Thus we take 

0* cos aa sin /ua(6— a)+sin oa cos /Aa(&— a) 

H — ^^^^^sin oasin uaih^a) 
A MOflt ^ ^ 

• sin )ua (6— a) ** 

p_ singq ^ 

J!»l— » /I ^ i»l» 

' sin/ua(6— a) 
Introducing the path (P) of Fig. 14, and choosing a snttable 
value for ilp we are led to the solutions ; 

6vo f sin at «"•»•'* -, zi , v 

^»=»vJj*HT *" • <"> 

K f f sin Ma(r-a) . gig^ ^i^ Ma(6--r) l r^^'*^; (12) 
• tir J Uin )ua(6--a)^i^ (a) sm MO (6-a)j a '^ / 

where JP(a)=<r cos Qa sin ^a(6— a)+sinaa cos )ua(6— a) 

-I ^ gin aa sm /Aa(6— a), 

Aa integials being taken over ihe path (P). 


\ 
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The valiw of «, given in (12) ndiuMB to 

^veo»aaaniia{r—a)+mnaaoo»fta{r~'a) 

6». +^«in«»«nMa(f-a) ., 

««-SrJ T(a) a *^(") 

ovw the path (P). 

The valaeB of ih end ti, given in (11) and (13) aatiefy all tin 
^xmditione of our problem. For, from the way in which they hgn 
been bnilt up, they obvioualy satisfy (6) and (6'), and th '. oonditiou 
(7), (9) and (10), which hold when r^O and r »a. 

Fmther, patting r »& in (13), we have 

aver the path (P), and we know this is equal to bv^ 

It can be proved just as on p. 215 that the roots of the equatun 
JP (a) air COB oa sin /uo (6— a) +8in aa cos /ua (6— a) 

+i=^sinaaBinMa(6-a)«0 (14) 

are infinite in number, all real and not repeated, and to each positive 
loot thece is an equal and opposite negative root. 

Assuming this to be the case, it follows from Fig. 16, as befoie, 
that the values of % and u^ in (11) and (13) satisfy the initial con- 
ditions (8) and (8'). 

Finally the solution is obtained as an infinite series.^ 

For we have, from (11) and (13), 

_bv^ fsingf e"-!***^^ 
^""2w J 'P(a) a ^' 

,0- COB aa sin /ua (f —a) +8in aa cos /ua {r—a) 




i-^ sin aa sin fAa{r-'a) ,, 
- '^ da 

the integrals now being taken over the path (Q) of Fig. 17. 
Hence 

0- COB a« a sin /ua« {f'-a) + sin o« a cos /ua« (f — a) 
• 4—^^^^sino„asm/ua,(f— a) ^.,h-.i| 


(16) 
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Ae inininfttion being taken over the positive loota of the eqiM- 
tkNi(14). 

WImb the mnhm k kept ftl a tampintara Ot, Ofi^ ele., or Ocsm^ eta* or 
iBdiiikm takit plaee ftl the rarlMe into a madiom AlaoonttoattenpefefciiTC^ 
or at one of thoM joot nemed, the method ol Ihia Mctioo oan be applied with 
I (o tfie aolatlott ol the problem. 


IM. When the ephere ol |106 haa iU aurlMe kept at wwo tempmrafcwe 
ind the initial temperature of the whole aolid ia «tf ^ temperatorea in the \ 
Iniier and outer parte follow from |106 (16) and are given reapeetiyelj bj 


'-^^T. 


a,r #-«-'• 


•i-- 


<rooaa^aainfia||(r-a)4-Bina^aooa/ia^(r-a) 


?? — 9fe 


The Mimiuation b tekea over the positive roota of the eqaetioa jr(«)»0 
(|l0e(14)J 

<rcoaa||acoa/4a||(ft--a)4-— ^aina,/iooafia||(ft--a) | 

The equation /'(a)»0 will be ■atisfied by the common roota, if any,- of 

8inaa«(^^ . . 

8infifl(6-a)-a,j •••••• •^ ' 

and by the roota of 

crcotaa+ootfia(fr-a)H — ^^^—O, ....;., ..(2) 

The equationa (1) will have common roota other than zero only if f»J(Jb^a)l€ 
ia rational : and if /i(fr - a)la ia aniall, these valuea of aa will be large. 

With the data adopted by Perry and Heaviaide in co.a. unite, and the 
above notation : 

a«6'38xl0*» &-a»4xlO*, v.»AxW, 

Kx^'Al, ^,« -00595, 

Alao the equation (2J above beeomea 

2M oot 4r+cot(S'36 x KT^Jc) - —-0, whei« aa^x. 
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llMfirat root b «!» 8*9671 ; the McoDd root u^a"<^'^0^ «nd the Ulir 
roots appvoadi 9r, 4ir, etc. AUo < u large. 
Thue we may take the tint term as a good enough approximation for tlie 

gradient (^^ when f -6. 

In the Age of the Earth problem (cf. {S8X the time of cooling to tk 
gradient 1 degree in 50 ft. or 1 degree in S743 cm. ie required. 
It will be found^ that the equation 

<reota|aeot/iai(5-a)H — ^^^ootfuit(&-a)-l 

' <racoMC>a|a+fi(&-a)ooeec*uai(6-a)4-^-~^ 

gives for the time in yeati 0O8 x 10*. This is about one^^fifth of the resaU 
found in f 90 for the corresponding plane problem. 


FLOW OF HEAT IN A CTRCULAR CYLINDER. 

110. Tlie method employed in the preceding sections is abo 
applicable to the case of the circular cylinder, when the temperature 
V depends only upon f and <• 

In this case the equation of conduction becomes 


,9v_ /3*?, IM 


We shall refer only very briefly to certain problems for the 
Cylinder, as with a little practice these can be easily solved. 

L Circular Cylinder of radius a. Surface at ComsUM Temperature 
fV Initial Temperature Zero. 
It is clear that 

,=^f^r*"da : ..(1) 

over the standard path (P) of Fig. 14, Mtisfies all the conditioni 
of the problem, for the zeros of J^z) are known to be real and not 
repeated,! tuid when i=^0 we can use Fig. 16 as before. 

■ - ■ ) 

•CL Proe. Oamb. PkU, Boo., tl^ p. 404, 1921. 
t Cf. Watioii, he. cU., H iff- 21, 16. 2fi. 


FLOW OF HEAT IN A CIRCULAR CYLINDER 
The toltttico given in (1) can be put in the fonn 

ovtt the path (9) of Fig. 17. 
And, flndljr, we obtain 




integrating ov«r the path (P). 


die summation being taken over the positive roots of JJiaa)mO^ ) 
(a|67.I.) 

II. The Same Sdid. Sufface TempenUure Ci. i 

Here our solution is \ 

C ( Jojar) e— •« , -,. ! 

tirTjJo(aa)a* 
over the path (P) of Fig. 14. { 

This reduce* to 

the summation being as before. 

For oei'tain applications^ the mean temperature over the cjlindcr is 
required, f.e. 

S»r«'~*' or lijfT*.. 

This oould be obtained from (8), or more directly, at once from (1). 
By the latter method, we see that 

the mean temperature «-|/ wdf 

But jrf./;(ar)dr--?/;(aa). 

Thus the mean tempei-ature-j—^ J —^ ;^^**» ^^•'^ ***• ^^ ^^ 

* Gf. Bromwioh, PhU. Mag., London (8er. 6), S7, p. 413, 1910. The im 
{Smperature over a sphere follows from 1 102 in the same way. 


FLOW OF HEAT IN A dROUI^AR CYLINDER 

HI. The Same ScUi. a^ifiJwTemperaltureCeo$id, 
Sere our adutioii is 




tir 

the path (P) of Fig. U,* and this can be reduced, as before, to 
infinite series, 

IV. The Same Solid. Radiation at the Surface into a UedimitA 
Constant Temperature v^ 
Here our solution is 




' the path (P) of Fig. 14, which can be reduced to an infinite 
aeriee, as before. 


^Tha lootiiota on p. 208 applies hero slea 


CHAPTER XII 

INTBQBAL EQUATIONS AND THE JBQUATION OF 
OONDUCnON 


IIL 

An integnl tquMHon^ is one wbioh involTat an nnknown hunctkm 
under the sign of integration. The equation 

ii called a hcmogeneoui integral equation. The fonotion ^(w) is 
the unknown function. The known funotion K{x, () ia called the 
bmel (or nudeua) of the equation. It will usually be a oontinuoiis 
fanction of {x, () in the region a=jB=6, a^(=& with which we 
lie concerned. More general conditions for Kix^ () are referred 
to in the works cited in the preceding footnote. 

In the theory of integral equations it is shown that the only 
eontinuous function which satisfies (1) is ^(jb)=sO, when X is not s 
zero of a certain function D{\) associated with this equation. 
The roots of the equation Z>(X)»0 are called the dktradmaHe 

*For A diMoaaaioii of the elementary theory of integnl eqvatiom, rafeiaioe 
nay be made to Bdoher^s IfUroduetian to ike Study of InUgral XpuOioHM (CSamhridge 
TrtoU in Mathematio^ No. 10). There ia a abort chapter on the aabjeot in 
WUttaker and Watson'a Modem iitiolyiw, and a mnoh fuller treatment in 
Qoonat's Oours d^ Analyse, T. III. 

Fof the appUoationa, the following worfca will be f onnd speoiaUy naefnl : 

Horn, EififUkrung in die Tkeorie der partidlen DiffennMgUklmngen^ Leiprigi 
1910. (Sammlung Sohnbert* LX.) 

KoMer, JHe InUgndgleiehungen und ihre Anwendungen in der ma tk et na H eek en 
nyiik, Braontohweig, 1011. 

Heywood et Frtehet, UEgwUian de Fredkoim el eee AppUcoHone d Is Pkyeifut 
MotkinuUique, Paria, 1012. 

Hubert, GrundtUge einer dUgemeinen Tkeorie der linearen Inlegrdafekkmiiin, 
UpKig, 1012. 

I Viyanti, Elemenii deOa teoria deOe eftMcumt inkgraU lineari, Milano, leid. 
O.O.H. 226 r 
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Mumftirt of this kameL When K(x, () is a symmetrio fanetioii 
of X, (^ the jchaiaoterietic numbera aie known to be all real. 

Let ^{x) be a oontinaous function, not identically jseio, aatiafyiiig 
(1) for a value of X which is a root of D (X)»0. It is said to be 
a (AairaetmtUe fumdian corresponding to this characteristic number 

X« Alsoitissaidto be fionnoKfedEif r ^'ibsl. 

It is known that if ^^(x) corresponds to X^ and ^^(^) to 
another characteristic number Xn for a symmetric kemd, then 

J ^^fidbp^O. Functions for which I i/^{x)\lf{x)dxsBO are said 

to be orthogonal, and they are normalised orthogonal functions if, 

in addition, j ^*iil!r=:j \l^{x)dx^h 

In the case of finite synmietric kernels there is an upper limit to 
the number of orthogonal characteristic functions which correspond 
to the same value of X and every other characteristic function, for 
that value of X, is linearly dependent on these orthogonal functions. 
There will thus be a set of characteristic f unctbns 

finite or infinite in number as the case may be, orthogonal to each 
other and normalised, such that every characteristic function of 
this symmetric kernel is linearly dependent upon a finite number of 
them. Such a system is spoken of as a complde orthogonal systeoi 
of nonnalised characteristic functions of this kernel. 
With regard to such a system we have the following theorem : 
Ld ^(x), ^(x), ••• be a complde orthogonal system of normdM 
ehofaderislie functions for the homogeneous integral equation unUhfi/Kk* 
sym$ndrie hemd f» 

and Xi, Xti ••• the eorresponding dktraderistic numbers. If the seria 

V x„ 

is tmtformly convergent in the region a^x^b, a=(^&, thenii 
sum is Kix, f ) at every point at which the kernel is continuf)^8. 

Of this theorem we shall have to make frequent use in the appto- 
tions of integral equations of this type to the solution of prolie0> 
in the conduction of heat. 
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11& bteptl Btoattons and UBMf lloir ol Btat 

Oonsider now the tempemtuie piobkm for tfaa xod of kogih I, 
the enda kept *t sen>i the initial tempemtuze being the mMtmj 
fnnotion f{x). 

Then we have the equation! : 


|-«g. 0<.<l. 


(1) 


v»0,' when s»0 and X'^l, 
' v»/(ir), whea <=»0. 
Patting v^e~*^<^{x), we have 

^+^*-<^ j.™ _p) 

^asO, when a;»0 and 9a>l j *" V 

Thus X»n*TV)'i and choosing ^ so tha^ [ ^*(x)iil!ral, the 

noimalised function ^,1 is A/dJBin-yJB, n being a pontive integer. 

Now there is a cohtinuouB function K{x, ^), which eatiefies the 
equation for steady temperature (t^'^O), and the same boundary 
oonditions, while its differential coefficient with regard to x« denoted 
by %'(ap, ^), is continuous except at x=(f where it is discontinuous 

in such away that K(Xf ()\ «1. This function is called the 

Qreen's function for the steady t^nperature equation.* It is the 
steady temperature due to a constant source of a certain strength 
at the point x^^^ and in the case given above it is clear that 
aU the conditions are satisfied by 

K{x.i)^x{l-^m^ 0<x<i, I 

=f(i-^/4 i<x<i f ••••^'^^ 

Let F{x)^i^(x)K'{x,i)^i^'(x)K(x,i). 

where ^/^{x) is given by (2). 


* The Qreen's lunotioiui employed in the appUoation of Integnl Bqmtiost 
to the Condnotion of Heat mutt not be oonf wed with those to whldi the eaae 
^nm was applied in Chapter X, 
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Tlim T(«y.k diaoontmaotu whflii xtm^, but it U otherwiM ooih 
-Cmaoas in (0, )). 

Abo F'(x)m,\K{x,()^{x), vxetipt whea «af 

Thanion |*^(»)(fc-x|'jr(a!,f)^(»)<fc. 

But JV(«)=fV(iB)(fa+fV(»)&! ~ 

nnce i'(0)» J(2)«0. 


■['<C 


It f dbm that 


«md unoe Jr(fl?, () u a Bymmetrio function of OP, f , we lu^ 

*(ir)«xf ir(a^.f)0tf)df (4) 

Thni ikefufuOoiM ^^(x) of (2) occur as charaderistie fundiom tf 
the homcgmeom itUegral ejuatim (4). 

The oonverae is also trae. Every continuous 8olution^(a?) of the 
integial equation (4) satisfies the equations (2). 


We start with ^(ap)=X f if (aj;f )^(f )df 

Jo 


where £(0!;, f) is given by (3). 

Since IC{x, () is discontinuous when x^(, we cannot differentiate 
under the sign of integration, if we rely only upon the theorem 
' proved in ^jS. §78. But it is easy to extend that theorem to suck 
a case as this by the following method :* 

Let K{Xt () be given by (3) above, and let 

f{x.i)^K{x,€)^x(l-m. whenaj<f 
=X(»,^)+(a5-f), when»>f 
Then f{x, f)»a?(l— (/0> and this function is continuous in {x, () 

^ For A diaoiiaiioii of the quMtion of differenii aUoii under the eign of IntegmtkMi 
■ee Hsidy, Q. J. MM., LotuUm, e£» p. 06, 1001, and Mesa. Math., OamMifh ^ 
190S}Se,190i. 
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ii^ tlM ngioa O^s^t. O^^^L Alw ^ k ooiitiiuiow m thk 

MgiOD. 

Futtfaar, 
HwNfon 

: -xj;g*(£)^. — (5) 

jAgftiii, we cannot dii!ef«ntiate (5) under the sign of int^pmtkm if 
w^ rely 'only upon the theoiem of F.S., {78, einoe the integiaiUl k 
dtieontmuons when X'^^. But we can extend that theonm to 
fiich a oaie as thia in a nmilar way : 

I Let ^(x,f)-X>.f)«l~f/I, when«<f. 
^K'{x.i)+h when»>e 

Then g{x, f)=l— f/l in the given legion, 

Therefore ^'>)=X f J*(f ) df-X>(x) 

«— X0(a?), eince ^«=0. 

Finally, since K{x, () vaniBhes when «bO and x^lp the fune- 
tions ^ defined by (4) also vanish when a^aO and x^h 

Thus we have established that aU the ctomctemlte fimdiom i/ 
tte homogeneous integral equation (4) are eclutioni ifihe ejuatiom (2). 

In this question the characteristic numbers are n*irV'V wheie 
n is any positive number, and a complete normalised orthogonal 
system of characteristic functions is ^i(a;), ^s(^)» ••• » where 


n 
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Bat the sericii -i2"l'"^'T*™T^ 

b wnifonnly oanveigent in the region O^x^l, O^^^I. 

It foUowB from the theorem enunciated at the end of { 107 thet 
for K{Xf as given in (3) we have 

K{x, i)=^!bmm,„ — (5, 

lU, The real difficulty in the solution of the piobkm of linear 
flow of S 112 consists in establishing the possibility of the expansion 
of the arbitrazy functbn in the appropriate series. From the resuH * 
in (6) abovci it can be shown that the arbitrary function f(x) is 
equal to the sum of an infinite series of these characteristic 
functbnsy provided that 

and yftix) is bounded and integrable in (0, 1),* 
For we are given that 

and this series is unifonnly convergent in the legion O^x^l, 
ItfoDowsthat /(«)-£ |:*J'^^]^^-^V'tf)««f 

Also £/(..)*.(.i)dfl-j'^*,(fl)[£ K{n,€H{C)di\dn 

{FJB.,m 
(K{(, n) bong symmetrio) 

•n/M MtUlM tbU eoodition, it foUow* from F.8, |77. II. (Iwt it <• 
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Tliiit wli«a/(«) oia be pat in the foon 

and ^(x) is bounded end int^pmble in (0, 1), we have 

/(«)«5««*«(ap), where a,«J'^(a/)^,(a04^. 
Abo the solution of the tempexatuie probkm of { 112 is 

114. The other problems for the rod of length I can be treated ii 
the seme way. 

L Suppose ike end x=^0 kepi al zero ani ikal faiiaiii(m iakm 
flaee (U x^l into a medium iU zero. 

Then we have the equations : 




dv 3h} 

v=0, when a?=0, 


9v 


^4.At;=sO, when x^l, 

v=/(»), when t=0. 
Patting v^se-'^^ix)^ we have 

with the aame oonditiona when a;>=0 and «»I. 
The Gteen'a fnnotion K{x, ^) is as foUows: 

K(x,i)=(l-^)x, 0<x<i/ 

Also the characteristio numbers are Xs=a', where a is any positive 
root of k tan a2+asO. 
The normalised oharaoteristic functions are 

'^^^^'^:j^^^)'^'^'^' (Cf.S66andBx.2.p.l6.) 

The series V ^^(y^^^^) will be found to be uniformly eon- 
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<v«iguitiatlMNgkmOai«^I,0£^^{,Midw«lwif« , 

IL SttppoBC radiation takes fHaoe al buk ends into a mdimk 
aizero. 

Then the oonditioDs at the ends are 

— ^+*»=xO, when ap«0, 

a-. 

^-fAvssO, when a;=I. 
In t^i<^ oaee 

Abo X»a*, whflm a is any.positiTe toot of (a*— A*) tan ala2qjb. 
The iHrnnalised characteristic fimotions aie 

»(*)=°<^ ((at4.A«) |+2a ) ^° <»■«»+* "'P «*)' (Cf. §86.) 

Also lf(,,f)=^i^!(*Ii-(£). 

In theee two cases the possibility of the expaasbn of the arbitmy 
function in the required series, when it is subject to the condition 
stated at the beginning of § 113, follows in the same way. The 
solution of the temperature problem can then be written down. 

Whea h^O thii diaeuasion faik. For s treatment of the problem when 
BO beat escapee at the ends, reference may be made to Kneeer's work cited 
above, Ch. L, p. Id. 

118. Fourier's Bing. 

For the ring of unit radius, treated in § 12, when there is radiation 
at the surface into a medium at zero, we have the equations : 

dv 9H) .- ' -^ ^ - 


Vmm~-,^Vm 


W.-.."^(aJ..,' 


v^f{x), when <=*0, 
where 6 is a given number. 


.(1) 
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S+^*"°' • <*> 

widi the Mine oanditions when x^—w and x^w. 
Thui we haye /msO and /Ms=fi*i and the ooneiponding noanaliBed 

{onotioni aie /.^ . and -.-- cos Wi -> liniix. 

It will be noticed that to the number n* there correspond two 

orthogonal functions y- cos no? and -y- sin no?. 

Now there is a continuous function K{x, (), which satisfies the 
equation for steady temperature (jct^'— 6*9=0)1 and the same 
conditions at a?= ~-ir and ir, while its differential coefficient lC(x, £) 
is continuous except at x=(, where it is discontinuous in muh a 

way that \k'{x, f )1 =1. 

This function — the Oreen's Function for the equation tf'^Af^O, 
where (f^VJK — is as follows : 

Abo it follows as in §112 that, when i^{x) is given by the 
equations (2), 

*(aj)=x|' if(x, i)i^($)dt ....(4) 

where \^fji-\'if. 

And all the characteristic functions of (4) are solutions of the 
equations (2). 

The special feature of this question is that, to each charaoteristic 
number other than X»«c*, there correspond two orthogonal character- 
istic functions : 

e.g. X-=sc*+n* has -7-cosnx and -7~sinii«. 

Thus the theorem at the end of § 110 in this case leads to 
iry A. 1 . 1 ^cosnxcosn^+siniixsinii^ 

^<*' ^^-2-^+x? ^H? 

_ 1 1^ COB n(a!-^ 
~2xc«"*'x4' c«+n« ' 


(3) 
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pzovided tbat this serieB U miif oxmly oonveigent in the ngum 
— ^^x^T, —ir^(^w; ft condition which is dearly aatiflfiei 
The xemarks in tiie previous section. about tiie possibility q{ 
eizpanding an arbitrary function in the appropriate series apply 
also to this case. Thus we obtain the Fourier's Series for /(«), 
niider the condition stated above, for the interval (~ir, ir) and the 
solution of the problem of Fourier's ring. 

116. Two-Dimensional ProUems. 

The solution of the general problems of conduction in two and 
three dimensions can be made to depend upon integral equations hj 
the introduction of a Oreen's function similar to that which is 
used in the theory of potential ; but the rigorous treatment of this 
work is harder than that in the previous sections, since the kernel 
of the integral equation has an infinity in the region in which 
integration takes, place, the integrals being surface or volume 
integrals, and the series are double or triple. Space does not 
permit of more than a slight sketch of the method ; and we take 
fiist the two-dimensional case where the boundary is kept at zero. 

Here we have to solve the equations : 

»=K&-«+^«J' "^deacurveCf, 
t;=0, on the curve (7, 

v:=^f{x), when f =0, inside the curve C. 
As before, we put f>=c-«^^(a;, y), and we have 

^=0, on C. 

The Oreien's function— which we shall denote by K{x,yi x\ y'H 
is the solution of the equation ^+ SS^^' ^*^^^ vanishes on the 

carve and is finite and continuous, as also its first and second 
differential coefficients, inside C, except at the point (a;', y% where 
it becomes infinite as — (log r )/2ir when r ->0. This function is the 
steady temperaturie at the point (x, y) due to a constant line source 
of a certain strength at the point (x', y% the boundary curve C 
being kept at zero. 
We now apply Green's Theorem in two dimensions to the region 


(1) 


(2) 
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bounded hj tlie earn and a mall dida T* whoae oantn k at 
(s'y y'), tha fondions flmidoTad being Kix^y; »\f') andafmiolaoB 
f{s» y) aalttfying the equations (2). 
Then we have 

wlwe w- denotes diffeTentiation along the nonnal diawn oatwaid 

{ram the region of integiation, and the integials on the liglit sn 
taken round the curve C and the oiide T\ 

But V^K=0 and V*^+X^»0 in the region through which 
integration takes place ; and 0, K both vanish on the curve C; 
while Kix,y\ x\ y') is infinite as — (logf)/2ir, when r->0, at the 

point (a?', y')- 
Thus from (S), on letting the radius of the circle F' tend to lero, 

we have rr 

i^(x\y')=\^^K{x,y;x\y')4^(x,y)dxdy (4) 

the double int^^ral now being taken through the region bounded 
hyC. 

A simihir application of Green's Theoiem in two dimemiions to 
the region bounded by the curve C and small circles H, V with 
centres at {x', y').and (x% y*), the functions employed being 
^(». y ; »'• y') and K{x, y ; x'\ y"), shows that 

K{x\i^; x\ir)^K(x\yr^ x\y'). 

Thus the Oreen's function if (x, y ; x\ y') is a symmetric function 
of the two pairs (x, y) and {x\ y). 

It follows from (4) that 

*(a^, y)=XJjif(x, y ; x\ y')<Kx\ y')dx'dy (5) 

the double integral being taken through the r^on bounded by C, 
and (x^ y) being any point in this region. 

Thus the numbers X and the functions ^ of equations (2) enter 
as the characteristic numbers and characteristic functions of the 
homogeneous integral equation (5) with a symmetric kernel. 

Also the converse is true. The theory of potential shows that 
when ^(x, y) is defined by (5)» we have 

and ^=0 on 0. 


;:l 
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The ehaiacteristio functions oonesponding to diff eitnt ohaiaotoh 
iBtic nrnnben axe orthogonal, and tiiey axe to be nonnaliBed by 
azxaadng that er ./ 

the int^^nd being taken through the given region. 

The question of the expansion ot the arbitnury function defimng 
the initial temperature in a ccmipVl e series of orthogonal charaote^ 
istio functions, and the corresponding expansion of the Qreen'i 
function, offer greater difficulty than in the case of one-dimensional 
problems. For a full discussion of these topics reference must be 
made to the works dealing with integral equations. 

The argument of this section applies equally well to the case 
when radiation takes place into a medium at zero, the condition at 

the boundary being replaced by ^+At;=0, both in the statement ' 

of the problem and the definition of the Oreen's function. 

117. (i) Consider the temperature problem for the rectangle 

. a:—0, x^b^\ 

y=0, y^c] 

the Bides kept at zero. 

TT L * • WIT . nir 

Here we have ^ » sm -7- .r sin — y, 

where m, 11 are positive integers, and 
'fba normalised funetion (^ will be given by 

mVf-t-« » yc« — \ — r 

•Mnming th«t th« general theorem of § 107 applies to thia case, 
(ii) For the cjrlinder v^a, the surface kept at zero, we have : 

^.(r, e)~ ,, ^ -^, when * > 0, 
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TU duurmetorlillc immbm A»., being «£,., when a^, it Um Mtli pottUft 
looi of the equaUim i/,(aa)-iO. 

For Ik fuller dieooeeion of theee and other eimilnr problema reference my 
be made to Kneeer'a book, cited above. 


118. 

The work of } 116 can be extended to three dimeiiiiioM by miiig 
as Oieen'a function the edution of V%i=»0, which vanishes on the 
sttiface of ihe solid, and is finite and continuous, as also its first and 
' Moond differential coefficients, inside the solid, except at the point 
(x^y'yS'), where it becomes infinite as l/4irf when f->0. This function 
is the steady temperature due to a constant source of a certain 
strength at the point (x\ y', /), the surface of the solid being kept 
at temperature zero. 

The equation ^~'^^**' 

is reduced to VV+X<^=0 

by the substitution t>=c~'^^(j»,y»2). 
Aud we have 

the integral being taken through the solid. 
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1. An infinite aoM it bounded by the plane x-0, aeroM which it tadiatci 
into a medium at sera. The aolid it Initially heated thfougbout to the uniform 
tempeiature tv Find the temperature at any point at any tubtequent^time, 

. and prove that at the time t the temperature at the turfaoa is given by 

.. li/nVd , 

2. If the temperature of an infinite lolid has different uniform values 
F» F on opposite sides of a given plane, prove that at any subsequent tims 
the temperature Is given by the expression. 




X being measured from the plane towards the side where the temperature was 
faiitiallyF. 

8. A uniform bar Is given with the two halves of its length at two different 
temperatures v^ and Vj. Find the temperature of any point of it at any 
subeequMit time, the surface being so protected that there is no gain or Iom 
of heat from without. For example, take an iron bar 60 cm. long. The 
thermal cmiductivity of iron (O.O.8. units) is -16 (water being standard sub- 
stance) and its thermal capacity per unit volume is 'STS. Prove that at 
1400 seconds from the beginning the temperature at either end will be 

l(«,+f,) +JK -r,)J(J -^ +g^ -...). 

:>. 4. A bar of length I is heated so that its tn-o ends are at the temperatuie 
lera. If initially the temperatuie is given by • 

■how tiuit the temperature at the time ( at any point is given by 
Bet-M j -^ . vx 1 -^ . 3vx^ \ 


\ problems are mostly taken from the Examination Papers for the Cam- 
bridge Mathematical Tripos. Some of them have already been published in 
IWnei^a Examjiu oa Heat and Sledrieiiy, 
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|» Cm end td mi Inflaito rod It ktpt for a long tfane §i lompamtavo i^i 
th0i« bdng muUM tm^MUm. A ptrl whoM OKtraiiiliM are dktaai ^ luid 
h i- 1 fnm thii end to thon out from tlio rod and kept from km or gain ai hett 
Bhow that the temperatme At time < at a point dtotenoe « from the end ci the 

pert to 


whfie a to a quantity depending upon the material of the rod. 

i. One face x-c of an infinite alab to kept at temperatore lero. • The 
teniperatare of the otlier» ««0» to kept np to tiie time T9tfi,p being a eon* 
italit After the timer it to kept at a oonatant temperature. Fbudezpreaiioni 
for the temperature at any time, and ehow that if < ia ao great that e-^-^ 
may be n^leoted* the total quantity of heat which has passed across unit area 
of the surface up to tiie time t to 


^>-)-2-. 


where « to the oapadty for hc«t per unit volume, JT to the oonduetlvity, and 

I P eh' 

7, A uniform oylindrioal bar. of length { and small cross section, to kept 
at a constant temperature v^ at one end and placed in a medium at temperature 
lero. If the temperature at a dtotanoe » from the end in the steady state 
ig D^ -M, prove that half the radius of the bar and the ratio of the oonduelivity 
to the emissivity are each equal to a-i. 

When the steady state to attained the sides of the bar are coated with an 
sdiathermanous substance, but its further end to left unaltered, the nearer 
end being still kept at the temperature tv Prove tliat the dtotribution of 
temperature at th.e time i to 

1 »=t^+ 2 Om sin mxe-««^, 

where m to a root of the equation 

atanm{-f-m»0 

4mD^ f cos ml a' -k-me-^ia sin ml -^m cos mt) \ 
^"^^ ^-"2111/ -sin 2ml\ m "" m{a^-^tn*) y 

'g. If the surface of a semi-infinite solid has bc>en subjected for an infinite 
time to the temperature v=^a-^b sin pi, show that the dtotanoe from the 
surface at which the amplitude of the fluctuation of temperature to -- timet 


that at the surface to 


^<^h- 


9. A solid to bounded by the planes x-0 and x=^l Dtocuss the loUowinf 
--^ where the surface temperatures have been kept at the givca 
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▼aloes flo long that the dittribtttion of temperature in the solid is purely 

peiiodiot 

(i) «s0atvsa-«-68iiij)<: «=IatEMO. ^ 
(ii) xs0atvsa4-68iiij)<: apsMmpenriouatolieat. 

lA. An infinite ieotropio solid is bounded by an infinite plane and radiatei 
•eioH that plane into a medium at temperature il oos (X< -k-fi). Prove that 
after a time so great that all traces of the initial distribution of temperature 
thvooghont the solid have disappeared, the temperature at a distance xjtom 
the boundary is 

and k, K have the usual meanings. 

Find the oorresponding formula when the temperature of the medium is/(0. 

U. A uniform rod of length {, oross*seotion 8, perimeter p, conductivity 
K mad emissivity H^ ^capacity for heat 0, density D, and electrical resistauoe 
J2; Is placed in a medium at temperature Eero, and has one end heated to 
temperature $^ the other end being kept at sero until the temperature ii 
steady. An electrical current of strength / is now passed along the rod 
from the cold to the hot end. Show that when the temperature has again 
beeome ateady, the rise of temperature due to the current at a point distant 
X from the cold end is 


'& 


where 0- is the electrical conductivity of heist and c ^ is neglected. 

1£» Two uniform plates of the same substance and thickness a are in contact^ 
iuid one slips over the other with constant velocity v^ the friction per unit 
aiea being F. The outside surface of one is impervious to heat» and that of 
the other is kept at zero temperature. Show that at any time t their tempera* 
turea at a distance x from the impervious surface are given by 

d-^(a+2U2»^is". xsaM oo.(2n+l)^) 

Ft,/ (ati-H)MOH „v 

«"M^-*+2^«a+l« ^^^ cos(2n+l)^) 

where O is the conductivity* e is the thermal capacity per unit volume* and 
J is the mechanical equivalent of heat. 

• Ct Kirsch, DU Bewtgung der Wdrme in ien Cylindentfandungen der Dampf' 
maOUne. p. 08, Leipdg, 1886. 
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• 


11 An infinite homogeoeoui tiab whoM howmUng planes $n Mm±m k 
piftoed between two media, one beyond the plane xm -a, at irfiibh tho tern- 
pvatofe it flv-««%» and the other beyond the plane «» +a, at whkli the 
tampeiatuie it aero. Show that if the ratio of the emiarivity to tho oon- 
daotivity is n tan /9, and k has the usnal meaning, the temperatore witbin the 
•bb at time t is given by 

pst^-M%gin)9oosac9(i9 -iio)oos(ii(« -a) -f iS). 

What would be the temperature at any point of the slab if the 1 
of the media at the two sides of the slab were f^-«NK and «|S-«iH% T 


14. A solid is bounded by two infinite parallel planes. TsUngintoi 
the radiation from its surf aces, show that the temperature at any internal 
point wil! be given by 


^.-^Hoo,(^^'^^)l^^'(*-^)y 


where X»tan-»-, A'-tan-» -, 

2, r are the emissivities of the two faces, supposed unequal, and £0 la the 

thickness of the solid. The origin is taken midway between the faoea» and 

m is determined by the equation 

^^ nw + k+X 
ma- J , ^ 

s being any integer. 

15. A ring of uniform small section so coated as to have everjrwhefo the 
Mine emissivity is made partly of brass and partly of iron, and one of the 
iunotions is kept at a constant temperature, while the whole cools in air. 
Determine the ratio of the lengths of the two parts when the oodeat place 
is at the othor junction. 

16. A thin circular ring whose surface is impermeable to heat la heated 
by a continuous source of heat of strength Q, Show that the temperatore at 
time i is given by . . 

where /T^ the conductivity, 

(r~the thermal capacity per unit volume, 
it s the cross section of ring, 

Celts mean radius, 

s s|m arc of the ring measured from the heated spot^ 
^ sthe angle subtended by s at the centre, 

and ^=^"-* 


. • Of. Niven, Ltnuhn, Proe. B. Soe. (A), 7t» p. 42, 1900. 
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17. Any poiiit^ the mdiiu through whioh makes an an^ ^ withi a fiud 
radiiM of the edge of a cirottlar disc of radius a, is iriaifitained at temperatiii« 
/(^K wheie f(w +0) » -/(^)* Bhow that when the motion of heat Is steady 
the temperature at (r.^) Is 

W/^^'"^^ e»^-&»'r«cos2»;r* ^*> 
the disc hdng supposed not to radiate heat. 

18. If the diameter of a circle he kept at the temperature V|, and the dream. 
Inenoe at temperature t)^ prove tiiat the temperature at any point is 

and' that the isothermal lines are circles passing thi'ougii the ends of ths 
diameter whioh is taken as axis of a;, a being the radius of the circle. 

lA. A plate extends to infinity in two directions and Is bounded by two 
straight edges whioh meet at right angles in A. Both edges are at tempers- 
tore zero^ except a portion ABoi one edge, whioh is kept at temperature unity. 
Prove that the temperature at any point P is 

|tan-»(2^*) or ^(lAPB-lAPC), 

where a|, hi are the semi-axes of the ellipse and a^ h^ of the hyperbola* which 
can be drawn through P» having A as centre and B as f oous» and where C 
les in BA produced, so that AC ^AB. 

20. If in a sector of radius a and angle a the radii be maintained at the 
temperature Vi and the circumference at the temperature v^ verify that the 
temperature at any point of the section will be 


gg'tan-' ?--" \^^'t>n- 


f2a*f« sin- 


s' ?? \ /^"....M 


a 


•fsin— ) \ r. -a« 


2L A plane area is bounded by a semi-eUipse and its axis major. The 
dHptJe boundary is maintained at the uniform temperature unity and the 
stnii^t boundary at the temperature seero. Prove that the temperatoie 
at any point within the area is 


4/sinh* . ^^IsinhS^ . ^^^ \ 


when ecosh ^, e sinh ^ ; c cos ^, c sin ^ are the semi-axes of the ellipse sod 
hyperbola through the given point, confooal with the boundary, and a ii 
the value of ^ at the boundary. 

2SL A circular cylinder of infinite length is divided into four compart- 
ments by planes through the axes at right angles to each other. Measuring 


I 
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9 from ono of tlM plMiei, Um tomperatiiift of tlio ■ucoawivc qvadnuiti d 
the Miff toe are mftintainwl §i the mipeotiTe TaluM 

Tiintf, Totmg, Ttin$, Twm$. 
If V It tlM tempeimtare at a point imide, and if the radiua of the ejiiiidef 
it the unit of lengtli» piove that 

^-^(■in9 -«-ooe9) -«-r(ooe -tin 0) -f'CooeM -^linM) 

+^(oo8M -linM) -y(oo8 70 -^elnT^) 

-H~(ooe90 -linM) -^\ooe 110 -i-eln 110) 

*feto. 

8S. If a slit be made in the plane along the line 9 sO, eommanning at ths 
origin and extending indefinitely in the potitive direction, and if bo«h iid« 
of the alit be maintained at lero temperature during tiie diffusion, piove thit 

.._!_ r, -^'-'f ,Mff)«"»<'-''_.«-s/(7)«"«^}A 


k the temperature at time t due to a line aouroe of strength q \ 

Show also how to obtain the corresponding expression for the portion of 
the infinite plane bounded by two straight edges inclinedatanangle 2r/(2iii -»- !)» 
m being integral, the edges being both maintained at lero. 

84. A conducting sphere initially at lero temperature has its surface kqA 
at a constant temperature e for a given time, after which it is kept at zero. 
Find the temperature at any time in the second stage. 

25. A sphere of radius a with initial temperature v« is surrounded by sa 
infinite medium of the same material as the sphere and of initial temperature 
sero. Prove that the temperature at distance r from the centre of the sphere 
at the time i is given by 

86. A uniform sphere of radius a is at a uniform temperature v^ and is 
surrounded by a spherical shell of thickness a at scro. The whole is left to 
oool in a medium at zero. Prove that 

«4 sin cm - ao* cos aa sin <n ^^^ 
•T^cr 4<m-sm4<ni r 

where the values of o- are given by 
Also consider the case when the two substances have different condnotivitiei. 
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S7. A lioniogeiieoiu solid bounded by two oonoentfio ipbeKs of radii a 
nd 2a iwpeottyely bat its inner surface ooatod with a layer of a substanoe 
aa iJ ei vkms to beats The solid is raised to the temperature F« and left to 
ool in m medium at lero temperature. 

P*o». that •-S^x«-*'« ^"^Mr-ayanMr-a)^ 

■rhere A is a root of 

(1 -2aA + 2X%i*)sinAa»(l -H2aA)Aaoo8Aa, 
Show how Ax may be found. 

28. A sphere of radius e is symmetrically heated so that its initial tempera- 
bare at a distance r from the centre i8/(r). It is then allowed to cool by radiation 
into a medium at emo. Prove that if the sphere is very small so that poweis 
of he above the first can be nef^eoted in comparison with unity» except just at 
the beginning of the cooling, the temperature becomes approximately pro* 
portaonalto i .!«M _. 

le .-BrV(?). 

29. The initial temperature at a point of a sphere of radius c at a distance . 
r from the centre is 

r 
and the sphere is surrpunded by a medium at temperature lero. If ^ is the 
ratio of the emiflsivity and the conductivity and Ai, Aj, ... are the roots of 
the equation 

eAcoseA+(Ac-l)sincABO, • 

prove that the subsequent temperature at the time I within the sphere is 

r I A^*e*-^he{he-\) . 

90. A sphere of radius e has initial temperature 

and radiation takes place at its surface into a medium at sero. Show that if 
Am is aroot of the equation 

eA cos cA +(^6 - 1) sin eA ="0, 
■' the temperature at the time I is given by 

wheie P=c«A,»«-h{;ic-l)«, 

C«c«Am«+»c(^c-l). 
SL The initial temperature at any point of a sphere exposed in aa infinite 
mecJiam at temperature zero is given by 

r 2c 
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•bdng the fMUot and r the disUaoo of Um point torn tlia.(^^ Sknrthnl^i 
ifXIeArootoftheaqwIioii : 

«X oca cA -«-(A0 - 1) rin «X «0^ 
the tempemtnie at the iMiie point titer a time < it 

Vwc^{X^*e* -H {he - l)«)[(Ac - l)(l -H^') - k^^^jhc - ») ^Uk^^jk^h^ ^{ic 

M, A homogeneoue sphere of radius a is heated so that tlie initial tenpcn- 
tore is «^ s-^ (ooa sin mr •* Mr COS mr). 

Show that the tempentore at time I is t^"«>»\ where m is a root of the 
equation (a*-2)(jiiaootsic-l)=»V, 

the external medium being at sero temperature. 

M, A solid globe of metal* radius a» oonduotivity Ki, tliermal eapndty per 
unit volume Cn is surrounded by one of another metal, outer radBus 6, ooa- 
duotivity and oapaoity k, and e„ the whole radiating into a medium mJt aeia 
Prove that, if at any time the temperatures of the two metals ave wpn- j 
tented by 

silt mr 

sin two COS w(f -a) *ci w oos ma sin a (r -a) 
" mr Kg a mn 


•C:-') 


sin two sin a(r'-a) 


where •m«^*=»>^=(?, 

the temperatures at any subsequent time will be 

and determine the equation connecting n with the emissivity of the outer 
metal 

84. A solid sphere is surrounded by a concentric non-conduoting apheiiosl 

surface, and the space between is filled with hot liquid kept at a unifons 

temperature by agitation. Prove that if v is the temperature at m point is 

the sphere, and v', the temperature of the liquid at any time, then v, e' sie 

of the forms 

'«. sin t»r ^^ • 

/ .^j *»* sinna ^„ 

J»" - H" O 
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am* 

when -ST i« the »tio of the heat oepeoity of the ephere to that of the liquic^ . 

md n to any loot of the equatkm 


jw «( I +ki^j|--jj tanaw. 


39. In an infinite oonduotor made of uniform material an inatantaneout 
iphenoal aoufee of strength Q to generated over the surface of a sphere of 
nulius a and left to diffuse through the conductor. Prove tiiat if the heat 
generated over equal elements of the spherical surface to everywhere the 
iame» the subsequent temperature at a point dtotant r from the centre 
if the sphere to 

St. If over every element dS of a spherical surface in an infinite felid 
sourocs of strength T»(x', y\ z')d8 of heat are generated (y»(ap', y', z') 
being a solid spherical harmonic of degree n; x\ y\ z' being the coordinates 
of the element d8 referred to axes through the centre), prove that, at the 
point (r» jf , t) dtotant r from the centre at time I, 


2ir*(ici)»^-i 


r.(x.y,s)e 4^2_^_-). 


at 
*"2Kr 


S7« The surftu)e temperature of a sphere of thermometric conductivity k 
b made to vary according to the law v =8^ cos ei, where iSf» to a surface har- 
monic of degree «. Prove that the consequent fluctuation of temperature in 
the interior to given by the formula 

_ rP(r)P(a) ^0(r)Q(a)lcoso-< ^^[P(r)Q(a) ■0(r)f (a)]8in>< /ry ^ 
(P(a))" + («(«))• W^- 

"*" '<"-'-1.4.i.*S.S.*»*J.4.«.0»*l...!«*«"— 

Riamine and interpret the forms which the result assumes (1) when o to 
luge oompaied with -^, and (2) when n to large compared with cr— , 

tSb A homogeneous solid sphere has half its surface, viz. the portion bounded 
by a great circle, maintained at temperature unity, while the other half to 
nsmtslned at sero. Find the steady motion of heat. Show also tliat the 
nesa of the temperatures at two points on the same diameter and equally- 
diitsnt from the centre to the same for all diameters. 


mtA^mjxa qN THE CONDUCTION OF HBAT 247 


IM tlie tphira wliile la thh sUto td lampmUm be miOomd in s oloMly 
tiling MiT4ope impenloiM to heftt and lefl to i Show hoir to find the 

Ismpemtoie At eny point aHer any Hme I, end when i le ynry grants ahow 
that the tempefature at a point whoae ooordinalee aie (r, 0) le appnndnintely 


I -^Aiarctmar -eincrr)52^e-*^. 


^=2?-P*("*>*'"'"'*^*' 


w&fe o" le a oonetant depending on the radiue of the ephere. Show how to 
determine thle oonetant. 

M. A Une eoovoe of etiength Q la Inetantaneooely generated along the 
aiie of an infinitely long oiroular cylinder at the time I aO. The tempeia- 
lure V wae everywhere previouily iero» and the temperature of the boondaiy 
r sa la maintained at leia Ptove that at any enbeequent inetant 

where « le the thermometric oonduotivity, and the quantiliei «!« nie the 
poiitive roota of the equation 

Prove that when a ii made infinite the above expreanon aieumea the fonn 


and by oomparison with an independent aolution of the problem* evaluate the 
definite integral. 
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NOTB ON BBSSEL'S FUNCTION. 
1. The BmnHi function /.(«) is givw by th« equation 

•'"*'' iir(r+i)r(ii+r+i)* 

and b Urns dtfined for all valiiM of ti, when the general Qamma Function* 
ia iiaed. /«(>)» when n ia not an integer, will be many-valued, but it will 
be made aingle-valued by reatricting the complex variable to a complete 
revolution : e.g. by taking |arg«| < If. 
For other valuea of the argument we uoe the equation 

1 When II ia not an integer, JJjt) and J^t) are independent aolutioni 
ef BeaMPa equation, but J^{t)^{ - l)"«^-ii(A ^^®>^ ^ i* integral. 
For a aeoond solution, available for all values of n, we choose 

^^^*' siniw • 

the limit being taken when n is an integer. 

It ia knownt that with this definition Y^{z) is infinite when ««(^ and 
that yg(i) and Y^{i) are given by 

rr.W-2/rfi)(rog W2)+y)+(,/2)»- ?^f^^^ , 

rr^(i)-/^,){21ogW2)+2y- ^m-»- 2 m-^] ^^zftr^^"^^^"^^ . 

S. The BeaaePa function of the second kind defined above and denoted by 
Tjiz) waa first used by Weber.t It is taken as the standard function of 
the seoond kind by Nielsen,g but he uses the notation r"(«)rand calls it 
Nenmann'a function. As a matter of fact, Neumann (K.) in his TAeorte dir 
BuBt^sAm FuneUonm (Leipzig, 1807) was concerned only with positive 

• Whittaker and Watson, he. eU. (8rd Ed.), Ch. XU. 
tWhittaker and Watson, he. eU. (8rd £d«), p. S72; Watson, he. eiLt 
Ha. M (3), 8.52(8). 
XMfUk. Jim., Leipxig, % p. 148, 1878. 
I Nielsen, he. eit., p. 10. 
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iatagnl v»1iim of ii^ Mid bis f ttnetion of Uio Moood kind, for whidi ho mad 
tiM DoUiion F"(fX ii oooMoUd with our rnii) hy Uio rolAOoii 

whwoyisBulor'iOoiiitoQii^iiaiiMly U ri-«-|-«-^'f ...•f^-lofii\ 

TIm f unciion wo donoto hy 7^($) in tho iMno m Oim/ and MaUmwi^ 
Y«(4t It iboold bo notiood that SehofhoiUio'i T^^Im) Io mhiiio omit 
alao thot Omx oad ICothowi^ 7^($) io Nommuiii^ f anetion F"(f)i 

4, In nuui/ quottbuo tho functioiio donotod hy BJ*^(») ond MJ^($) an 
Yory ttoof nl.| Th^ oi'o dofiuod hy tho oimplo roUttona 

^o*«W-^oW+<rf(«X »nd //^«(r)-r^(i)-<r.(f). 

Thoy may bo dMcribod as BtMors f unctiono ci tho third kindy aad tkoy 
niitst find a penuauont place in the treatment of Beeaer* functiooo boeaueo 
of tho umple formulae for |arg ij < r : 

approximately in the upper part of the ;r-pUne, when \z\ is krge ; 

approximately in the lower part of the «-plaue, when j^l is large. 1| 

&^ Since, in the up|)er {lart of tho 2-plane when |;| is large, wo ham Ibt 
approximation^ 

it follows that at infinity in the upper (NU-t "of tho f-pUno J,i(«) ia infinile^ 
Hj^^(») vanishes, and J^(az)H^^\bz) vanishes, when a and h aro real and 
positive, a < 6. 

*|Cf. Whittaker aud Watsou, loc. eU. (3rd Kd.), p. 234^. 

tjC^ray sod Mathews, loe. cU., p. 04, (131). 

tSohafheitlin, Tkanie der Besaeiseheu Funkiiaueu, p. 44, Leipsig, 1906. 

i Nielsen, ioc. cU., p. 10. Watson, he. ct£., 1 3. 6 (1). 

UOf. WhitUker and Watson, loe, cU. (3d Kd.), pp. 368, 371 ; Watson, lee. tU.. 
§7.2(1). 

^Whittaker aud Watson, /oe. eU., (3rd £d.), p. 366; Watson, he. ai., 
1 7.! 21(1). 
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